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Abstract 

We apply the theory of a-induction of sectors which we elaborated 
in our previous paper to several nets of subfactors arising from confor- 
mal field theory. The main application are conformal embeddings and 
orbifold inclusions of SU (n) WZW models. For the latter, we construct 
the extended net of factors by hand. Developing further some ideas of 
F. Xu, our treatment leads canonically to certain fusion graphs, and in 
all our examples we rediscover the graphs Di Francesco, Petkova and 
Zuber associated empirically to the corresponding SU{n) modular in- 
variants. We establish a connection between exponents of these graphs 
and the appearance of characters in the block-diagonal modular invari- 
ants, provided that the extended modular S-matrices diagonalize the 
endomorphism fusion rules of the extended theories. This is proven for 
many cases, and our results cover all the block-diagonal SU (2) modular 
invariants, thus provide some explanation of the A-D-E classification. 
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1 Introduction 
1.1 Background 



The SU {n)q subfactors of Wenzl [£l| can be understood from the viewpoint 
of statistical mechanics [^], the IRF models of Q or from the viewpoint of 
conformal field theory, irreducible highest weight positive energy representa- 
tions of the loop groups of SU (n) [|^]. These viewpoints are also related to 
the study and classification of modular partition functions on a torus. The 
statistical mechanical models of Q are generalizations of the Ising model. 
The configuration space of the Ising model, distributions of symbols -|-, — on 
the vertices of the square lattice 1?, can also be thought of as distributions 
of edges of the Dynkin diagram A3 on the edges of a square lattice, where 
the end vertices are labelled by + and — . This model can be generalized 
by replacing A3 by other graphs T such as Dynkin diagrams or indeed the 
Weyl alcove A^"^^ of the level k integrable representations of SU{n), where 
m = k + n is the altitude. The vertices of ^("+'^) are given by weights 
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Figure 1: Boltzmann weight where a, /3, 7, S are edges of F 



Figure 2: Yang-Baxter equation 

{A = Y17=i ■ £ No , Y17=i — ^} where the A(j) are the n — 1 

weights of the fundamental representation, and the oriented edges are given 
by the vectors defined by ei = Cj = A(j) — A(j_i), i = l,2,...,n — 1, 
e„ = A(„_]^). We can also label our states by partitions or Young tableaux 
(Pi)j=i ) k > Pi > P2 ^ ■ ■ ■ ^ Pn-i ^ Pn ^ obtained by the transformation 

(.^i)i=i ^ (Pi)j=i; where pj = Yl^=j ''^i- The unoccupied state corre- 
sponds to (0, 0, ... , 0) or the empty Young tableau in the two descriptions, 
which we often denote by * or 0. 

A configuration is then a distribution of the edges of F over 7?, and 
associated to each local configuration is a Boltzmann weight (see Figure |l|) 
satisfying the Yang-Baxter equation of Figure ^. The justification of the 
term SU (n) models is as follows. By Weyl duality, the representation of the 
permutation group on M„ is the fixed point algebra of the product action 
of SU{n). Deforming this, there is a representation of the Hecke algebra in 

Mn whose commutant is a representation of a deformation of SU (n), the 
quantum group SU{n)q. The Boltzmann weights lie in this Hecke algebra 
representation, and at criticality reduce to the natural braid generators gi, 
so that the Yang-Baxter equation of Figure |2| reduces to the braid relation 
giQi+iQi = gi+igiQi+i. The labels of the irreducible representations of either 
the Hecke algebra (e.g. the permutation group when q = I) or the quantum 
group (e.g. SU (n) when q = I) are generically given by A, a Young tableaux 
of at most n—1 rows. However when q is a root of unity have the 

further constraint of at most k = m — n columns, where k is the level, i.e. 
^(m) when n = 2 the vertices of the Dynkin diagram A^+i). 
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Figure 3: Matrices of partition functions [T^r]] where ^, rj are paths on T with 
fixed initial vertex * and same terminal vertex generate a von Neumann 
algebra Af 



* * 




Figure 4: Embedding of Af C M by T ^ Ad{V){T) where V = gig2 • • • is 
the product of Boltzmann weights at criticality 

The Boltzmann weights involve paths of length two in the Bratteli dia- 
gram using the embedding graph F. As we look at larger and larger partition 
functions (based on some fixed initial vertex *) then we can complete with 
respect to a natural trace and obtain a von Neumann algebra as in Figure ^. 
A subfactor N C M can be obtained with the aid of the initial Boltzmann 
weights placed on the boundary as in Figure § For the SU{n)q subfac- 
tors, this just amounts to {gi i = 1,2,3,...}" C {gi : i = 0,1,2,...}" 
because of the braid relations Ad{gig2 ■ ■ ■){gi) = gi+i- The center Z„ of 
SU{n) acts on A^"^'^ leaving the Boltzmann weights invariant and hence in- 
duces an action on M, leaving A'" globally invariant, yielding the orbifold 
subfactor A^" C M^" . The action of the center Z„ (corresponding to the 
simple currents) on A^"^^ is as follows. We set Aq = *, and label the other 
end vertices of A^"^^ by Ai = Aq + {m — n)ei, A2 = Ai + {m — n)e2, ... , 
An-i = An-2 + (m — n)en-i- Define a rotation symmetry of the graph A^"^^ 
by cr{Aj + ^ c^e^) = ^j+i + CrCr+i where the indices are in Z^. 

Let us now turn to the loop group picture. The loop group iC is 
the group of smooth maps from into a compact Lie group G under 
pointwise multiplication. We are interested in projective representations of 
LG XI Rot(S'^), where Rot(S'^) is the rotation group, which are highest weight 
representations in that the generator Lq of the rotation group is bounded 
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below. Such representations are called positive energy representations and 
are classified by irreducible representations of G and a level k. For unitary 
irreducible positive energy representations, the possibilities are severely re- 
stricted. Indeed k must be integral and, for a given value of the level, there 
are only a finite number of admissible (vacuum vector) irreducible represen- 
tations of G. For the case of G = SU (n), the admissible ones at level k are 
the vertices of A^'^\ where m = n + k. Restricting to loops LiG concen- 
trated on an interval I C , LjG = {f £ LG : f{z) = e , z ^ I}, we get 
for each positive energy representation vr a subfactor ^{LiG)" C tt{Li<:G)" 
if P is the complementary interval, of type III and of finite index — e.g. 
of index 4cos^(7r/(A; + 2)) in the case of the fundamental representation of 
SU{2) and level k. 

We next turn to the modular invariant picture. It is argued on physical 
grounds that the partition function Z{t) in a conformal field theory should 
be invariant under re-parameterization of the torus by S'Z/(2,Z). In the 
string theory formulation, modular invariance is essentially built into the 



definition of the partition function (although Nahm 1 37 ] has argued the case 
for modular invariance in terms of the chiral algebra and its representations 
rather than a functional integral setting). In the transfer matrix picture 
of statistical mechanics we can write the partition function as an average 
over e~^^ , where H is the Hamiltonian, now Lq + Lq — c/12 (the shift by 
c/24 arising from mapping the Virasoro algebra on the plane to a cylinder). 
We have a momentum P {= Lq — Lq) describing evolution along the closed 
string, so taking both evolutions into account, we first compute 

Z{t) = tr (e-^^e'''^) = tr (e2--(^o -c/24) g-2.if(L„ -c/24)) _ 

Here 27rir = —f5+\r] parameterizes the metric of the torus, and we then have 
to average over r. If we choose one r from each orbit under the action of 
PSL{2; Z) and integrate we implicitly assume that Z{t) is modular invariant. 

^From a Hilbert space decomposition of the loop group representation 
the partition function Eq. (|l|) decomposes as 

^ = X] 

A,A' 

where XA is the conformal character tr (g^''"'^/^^), q = e^'^^'^ of the unitary 
positive energy irreducible representation tta, A €A^"^\ where m = n + k 
for some fixed level k. 

The problem then is to find or classify all expressions of the form Eq. 
(^) where Z is SL{2, Z) invariant, subject to the normalization Zq q = 1 and 
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Za,a' is a non-negative integer. A simple argument of Gannon |21] shows 
that J2a A' -^A,A' — l/'S'o where 5o,o is a matrix entry of the S-matrix 
action of SL{2, Z) on characters, and hence for a given G at a fixed level, 
there are only finitely many possible modular invariants. They have been 
completely classified in the case SU{2) by and in the case SU{3) by |22], 
and the program of Gannon to the complete classification is far advanced 
— see e.g. the notes of Chapter 8 of |jl8| for a review. The Gannon program 
involves identifying first a special class of modular invariants, the ADSj 
invariants which satisfy Zq^a implies that A is (the weight labelling) 
a simple current or equivalently Zq^a 7^ implies Saa = Sq^, and then 
identify what appear to be very few remaining exceptions which include 
those arising from conformal embeddings. The A'DS-/ invariants include all 
the automorphism invariants, for which Zq^a = So,A- Such an invariant is 
basically an automorphism of the fusion ring. There is a permutation a 
of such that Za. ,A' = <^A,cr(A')- The AVSi invariants also include the 
simple current invariants for which Za^a' implies A = J ■ A' for a simple 
current J. Automorphism and simple current invariants constitute the A 
and T> type modular invariants. Note that there are two kinds of modular 
invariants: 

E IXiP , type I 

E XiXaii) , type II 

where Xi are (possibly extended) characters and o" is a permutation of the 
(extended) fusion rules. The type II invariants where the characters are 
properly extended (i.e. at least one Xi is a proper sum over two or more xa's) 
finally constitute the £7 modular invariants. The type I modular invariants 
where the characters Xi are proper extensions are also called block-diagonal. 
In fact any SU{n) block-diagonal modular invariant can be interpreted as a 
completely diagonal invariant of a larger theory embedding the SU (n) level 
k WZW theory. In the case of a conformal inclusion the larger theory is 
given in terms of a G (necessarily level 1) WZW theory with G a simple 
Lie group, and in the orbifold inclusion case the larger theory is given in 
terms of a simple current extension of the SU{n) theory, and the SU{n) 
theory itself can the be thought of as the Z„ orbifold of the extended object. 
For SU{2) and SU{3) both cases actually exhaust all the block-diagonal 
modular invariants .0 

The modular invariants appear to be labelled naturally, in the case of 

^However, for SU (n) with larger n there appear also block-diagonal modular invariants 
which arise from level-rank duality but neither from conformal nor orbifold inclusions, e.g. 
for SU (10) at level 2. This kind of invariants will not be treated in this paper. 



6 



SU{2) and SU{3), by graphs. The SU{2) modular are labelled by A-D-E 
Dynkin diagrams in the sense that the non-vanishing diagonal entries of 
the modular invariant are given by the conformal characters labelled by 
the Coxeter exponents of the labelling ADE graph. Recall the eigenvalues 
of the (adjacency matrix of the) D and E graphs constitute subsets of the 
vertices of the A graph with the same Coxeter number, and their labels 
are called Coxeter exponents. For example in case of SU{2) at level 16 
there are three modular invariants. In each case the diagonal part of the 
invariant is described by a certain subset I = {j} of the vertices of A17. The 
(adjacency matrix of the) graph of A17 has eigenvalues {2cos((j + l)7r//i)} 
where j = 0, 1, 2, 16 labels the vertices of A17 and /i = 18 is the Coxeter 
number of A17. Then / is the set of the Coxeter exponents, i.e. the set 
{2cos((j + l)7r//i), j G /} gives all the eigenvalues of the Dynkin diagram, 
Ai7, Dio or E7. The completely diagonal invariant then corresponds to the 
graph Ai7 itself. In this way all SU{2) modular invariants are described by 
A-D-E graphs. 

In the subfactor theory only A-D-E Dynkin diagrams with A^+i, T)2e+2 
{£ = 1,2,...), Eg and Eg, appear as the (dual) principal graphs (or fusion 
graphs) of subfactors with index less than four. In the rational conformal 
field theory of SU{2) models described by A-D-E Dynkin diagrams, one 
may argue that there is a deg cncrcicy so that only De^en? 

Eg and Eg, namely 

the type I cases need be counted. For example in the case of A: = 16, the 
modular invariant for E7 reduces to that of Dio under the simple interchange 
of blocks X8 and X2 + Xu- 

A classification of SU{3) modular invariants was completed by [^]. In 
analogy with the A-D-E classification for SU{2), we label these A (the 
completely diagonal invariants), D (the simple current invariants) and the 
exceptional £ invariants. We should also throw in their conjugates Z^, 
(Z*^)a^A' = -^A A' (here A labels the conjugate representation) — although 

p(6) ^ p(6)c^ p{9) ^ p(9)c^ _r{12) ^ _r(12)c^ _r(24) ^ _r(24)c_ p^^, g^^2), the 

automorphism invariants are the A-series and the Dodd-series. For SU (3) 
they are A'-"'^ and for all m and P^'") and for m / mod 3. 

The AT>£7 invariants for SU (2) are the A-series, D-series, and the E7 excep- 
tional (hence the name A'DSj). In the SU (3) case the A invariants are 
and A^"^^^, the D invariants are D^"^^ and P^™-)'^, and the £i invariants are 
the two Moore and Seiberg invariants iSj^g^and £y[g^- The other invariants 
£•(8)^ £•(12)^ g{24:) correspond to conformal embeddings SU{3)5 C SU{6)i, 
SU{3)g C (Eg)!, SU{3)2i C (E7)i, respectively (cf. Eg and Eg for SU{2)). 
The simple current invariants for SU{2) are the A and D series, and for 
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SU (3) are again the A and T) series (but not their conjugations). 

Di Francesco and Zuber initiated a program to associate graphs to these 
invariants |l3|. These graphs are three colourable and such that their 
eigenvalues ("exponents"), constituting again a subset of the set of eigen- 
values of the A graph and thus being labelled by its vertices, match the 
non-vanishing diagonal entries of the modular invariant. They also associ- 
ated graphs to several SU (n) modular invariants with higher n and their 
concept is quite general, however, there may be difficulties associating a 
graph to some invariants — unlike the SU{2) case. 

We also consider in Section 5 the modular invariants of the extended U{\) 
current algebras as treated in [3| and the minimal model modular invariants 
which arise from coset theories {SU {2)m-2 ^ S'{7(2)i)/S'?7(2)m-i and are 
labelled by pairs (^i, ^2) of A-D-E graphs, associated to levels (m— 2, m— 1). 

1.2 Outline of this paper 

A conformal inclusion directly provides a net of subfactors in terms of the 
von Neumann algebras of local loop groups in the vacuum representation of 
the larger theory. For the orbifold case we start with the level k vacuum 
representation of the loop group SU (n) and construct a net of subfactors by 
a DHR construction of fields implementing automorphisms, constituting a 
simple current extension in terms of bounded operators. The construction 
is possible and yields moreover a local extended net exactly at the levels 
where the orbifold modular invariants occur. In both cases we arrive at a 
net of subfactors M C Ai satisfying the necessary conditions to apply the 
procedure of a-induction elaborated in our previous paper. 

As a consequence of Wassermann's work, to the level k positive energy 
representations of the loop group LSU (n) correspond (DHR superselection) 
sectors of local algebras N{Io), where lo C is some proper interval. These 
sectors are labelled by admissible weights A and it is proven that their sector 



products obey the well-known SU {n)k fusion rules [50|, giving rise to a fusion 
algebra W = W{n,k). The irreducible subsectors obtained by a-induction 
of these sectors generate sector algebra V . The results of our previous paper, 
in particular the homomorphism property of a-induction, allows to read off 
partially the structure of V in terms of the fusion rules in W , but it does 
in general not determine the multiplication table completely. However, in 
many examples it provides enough information to resolve the puzzle. 

The homomorphism property of a-induction also implies that V carries 
a representation of W which therefore decomposes into a direct sum over 
the characters 7a of the fusion algebra W which are labelled by admissible 
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weights A as well. The representation matrix associated to the first funda- 
mental weight A(i) can be interpreted as the adjacency matrix of a graph 
(which is in fact the fusion graph of aA(i))) and its eigenvalues are the eval- 
uation of the characters 7a in the decomposition of this representation of 
W. The weights A labelling the characters which in fact appear this way 
are called exponents as can be recognized as a generalization of the Coxeter 
exponents in the SU{2) case. 

As a consequence of acr-reciprocity, proved in our previous paper, there 
is a fusion subalgebra T C V generated by the (localized) sectors of the 
larger theory which correspond to the blocks in the modular invariant. It 
is widely believed in general but proven only for several cases that their 
sector products coincide with the Verlinde fusion rules known in conformal 
field theory. Provided that this is true for the embedding theory at hand 
we show that the interplay of S-matrices diagonalizing the fusion rules and 
implementing modular transformations at the same time forces a conformal 
character XA to appear in the modular invariant if and only if A is an 
exponent. 



1.3 Preliminaries 

Here we briefly review our basic notation and results, however, for precise 
definitions and statements we refer the reader to our previous paper [^. 
There we considered certain nets of subfactors M C M on the punctured 
circle, i.e. we were dealing with a family of subfactors N(I) C M{I) on a 
Hilbert space Ti, indexed by the set Jz of open intervals / on the unit circle 
that do neither contain nor touch a distinguished point "at infinity" 
z e 5^. The defining representation of AA possesses a subrepresentation ttq 
on a distinguished subspace TIq giving rise to another net A = {-^.{1) = 
7ro(A^(I)) , I G Jz}- We assumed this net to be strongly additive (which is 
equivalent to strong additivity of the net J\f) and to satisfy Haag duality, 
A{I) = C_4(I')', where C^(/') denotes the C*-algebra generated by all A{J), 
with intervals J & Jz and J C I' , the (interior of the) complement of I, and 
also locality of the net M. Fixing an interval Jo G J^z we used the crucial 



observation in |35| that there is an endomorphism 7 of the C*-algebras Ai 
into M (the C*-algebras associated to the nets are denoted by the same 
symbols as the nets itself, as usual) such that it restricts to a canonical 
endomorphism of M{Io) into N{Io)- By 9 we denote its restriction to M. 
We defined a map Aj^{Io) End(A4), A 1-^ a\, called a-induction, where 
Aj^{Io) is the set of transportable endomorphisms localized in lo- Explicitly, 

ax = 7"^ o Ad(e(A, 6*)) o A o 7 , 
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with statistics operators £{X,6). As endomorphisms in A_^^(/o) leave iV(Jo) 
invariant one can consider elements of A^(/o) as elements of End(Ar(/o)), 
and therefore it makes sense to define the quotient [A];v^(/o) by inner equiv- 
alence in N{Io). Similarly, the endomorphisms ax leave M(Io) invariant, 
hence we can consider them also as elements of End(M(/o)) and form their 
inner equivalence classes [a\\ in M(/o). We derived that in terms of these 
equivalence classes, called sectors, a-induction [A] ^ [ax] preserves the nat- 
ural additive and multiplicative structures. Crucial for our analysis is also 
the formula 

("A, a/x)M(/o) = {9o \, ij,)n(Io) ! ^! e ^AfiQ , 

where for endomorphisms p, a of an infinite factor M we denote 

{p, c)m = dimHomM(p, cr) = dim{t e M : t p{m) = a{m) t , me M} . 

We also have a map End(A4) End(AA), /3 ^ ap, called cr-restriction. Let 
^m{Io) C End(A^) denote the set of transportable endomorphisms localized 
in lo, and A^^(/o) C Aj^{Io) the subset of endomorphisms leaving M{I) 
for any I G with /q C / invariant. (If the net M is Haag dual then 
A^^(/o) = AmIQ-) If /3 e A^^(/o) then a/s leaves N{Io) invariant and 
hence we can consider (5 and as elements of End(M(/o)) and End(A''(Io)), 
respectively, and we derived acr-reciprocity, 

{ax,P)M{i,) = {\(^p)N{io), XeA^ilo), /3gaJ2(/o). 

If one starts with a certain set W of sectors in [A];v^(/o) one obtains a 
set V of sectors of M(Io) by a-induction, and the above results provide 
close connections between the algebraic structures of W and V, conveniently 
formulated in the language of sector algebras. 

2 Application of a-induction to conformal inclu- 
sions 

In this section we develop our first main application of cc-induction. We 
consider nets of subfactors which arise from conformal inclusions of SU{n). 

2.1 The general method 

We first explain that conformal inclusions of SU (n) give rise to quantum 
field theoretical nets of subfactors so that we can apply the machinery of 



10 



a-induction developed in our previous paper. Let Hk C Gi be a conformal 
inclusion of H = SU{n) at level k with G a connected compact simple Lie 
group.. Then there is an associated block-diagonal modular invariant of 

SU{n), 

Here T denotes the labelling set of positive energy representations (Tr*,?^*) 
of LG at level 1, xT^ the characters of W*, and XA the characters of the 
level k positive energy representation spaces TLjy of LSU{n), and (ttajWa) 
appears in the decomposition of (vr*,?^*) with multiplicity bt^A- Thus we 
have in terms of the positive energy representations 

^*Uh = bt, ATT A- (4) 

Ae.4("+'=) 

Now let us define a net of subfactors AA C on the Hilbert space H = 

by 

N{I) = 7t\LjH)" , M(I) = 7rO(L,G)" , (5) 
and also the net A by 

A{I) = MLiH)" (6) 
for intervals I C S^. For conformal embeddings the index of the subfactors 



N{I) C M{I) is finite (see e.g. [^]), and as the nets M and A constitute 
Mobius covariant precosheaves on the circle they satisfy Haag duality on the 
closed circle and hence in particular locality. Moreover, we have a vector 
G W which is cyclic and separating for each M(I) (I ^ any interval 
such that / 7^ S^) on H and A^(/) on Hq C TL. The modular group of 
M(I) associated to the state a;(-) = -O) is geometric, i.e. its action 
restricts to a geometric action on the loop group elements, see IsO] for the 



case G = SU (m) and [49| for the general case that G is any compact simple 
Lie group. Hence the modular group leaves the subalgebra N(I) invariant 
for SU (n) C G is a subgroup. Therefore there is a normal conditional 
expectation Ej from M{I) onto N{I) and preserves the state uj by Takesaki's 



theorem [48|. Furthermore, Ei is unique and faithful as the inclusion is also 
irreducible. The net M C M. is standard (by the Reeh-Schlieder theorem) 
and hence the Jones projection ejy from TC onto Tio does not depend on the 
interval /. Therefore we have Ej{m)Q = Ej(m)eNQ = eAfmeNQ = eAfniQ 
for any / and m G Af(/). Hence £'/(m)J7 = Ej{m)0, for any pair I C J 
since Q is separating for M{J). We conclude that we have a faithful normal 
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conditional expectation E from M onto M and it obviously preserves the 
vector state uj. 

Now let us remove a "point at infinity" z ^ and take the set J'z as the 
index set of our nets A, M, M. Then we are clearly dealing with directed 
nets. For H = SU{n), Haag duality on the closed circle, A{I) = A{I'y, 
has been proven directly by Wassermann |5^, as has strong additivity or 
"irrelevance of points" i.e. A(I) = A{Ii)\/ A(l2) if the intervals Ii and I2 are 
obtained by removing one single point from the interval /. Moreover, A{I) = 

A{Jn) for any sequence of increasing intervals tending to / ||4^. Both 
arguments imply that we have Haag duality even on the punctured circle, 
A{I) = Cj\^{I'y. In fact, as the proofs in [^9| are formulated for any compact 
connected simple Lie group we similarly have Haag duality on the punctured 
circle for M, M{I) = Cm{I')' ■ (For G = SO{m) (level 1) this has also been 
proven directly in (p.) As ttq appears (precisely once) in ■k'^\lh we conclude 
that the net M has a Haag dual subrepresentation, and the corresponding 
net is given by ^ = {A{I) = ■kq{N{I)) , / G Jz} (note that we take, by abuse 
of notation, the same symbol ttq for the subrepresentation of the net M and 
for the vacuum representation of LH). Let us summarize the discussion in 
the following 

Proposition 2.1 Starting from a conformal inclusion SU{n)k C Gi with 
G a compact connected simple Lie group the net M C M ( over the index 
set Jz) defined as above is a quantum field theoretical net of subfactors of 
finite index where M is Haag dual (hence local) and N is strongly additive 
and has a Haag dual subrepresentation. 



As the positive energy representations of LH = LSU (n) satisfy local 



equivalence ||50[] 



7Tj,{LiH) ~ MLiH) , 

we have by the standard arguments endomorphisms Ao;A S ^^(-^o) that 
correspond to tt\ for some interval Lq £ Jz- Wassermann has related the 
LSU (n) fusion rules to the (relative tensor) product of bimodules, and this 
is equivalent to the composition of endomorphisms. Hence we have complete 
information about the sector products [Ao;a] x [Ao;A']- Equivalently, we can 
also take the lifted endomorphisms 

Aa = vtq ^ o Ao;A o TTo G Aj^{Lo) , 



and then we clearly have the same sector product rules. 
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By Eq. (27) of § we have 



m= ^o,a[Aa] 

Ag^(n + fc) 

where this decomposition corresponds to the the vacuum block in the mod- 
ular invariant, Xo^* = X]Ae^("+*=) ^o,AXA) see Eq. (^). Our procedure is then 
as follows. Recall that a sector basis is a finite set of irreducible sectors with 
finite statistical dimension which contains the identity sector and is closed 
under sector products and conjugation. A sector basis canonically defines an 
algebra called sector algebra. (We refer again to i for precise definitions.) 
We take the sector basis W = W{n,k) = {[Aa] , A G c [/^\M{h) 

and we denote hy W = W{n, k) the associated fusion algebra. By a- 
induction (see Theorem 4.2 of [P) we obtain a sector algebra V with sector 
basis V C Sect(M(Io)), consisting of the distinct irreducible subsectors of 
the [a\]. (We write a a for oaaO Picking endomorphisms Aa^^^, associated 
to the p-th. fundamental representation, p = 1,2, ...,n — 1 (A(p') denotes the 
p-th fundamental weight) and forming «A(p)) we can compute the sector 
products [aA(p)] x [cka] for all A G A^"'~^''\ In many cases, the homomor- 
phism [a] is surjective and therefore all the fusion rules in V can be read 
off from the fusion rules in W. But even for those of our examples where 
the homomorphism [a] is not surjective we can at least determine the fusion 
rules [aA(j,)] x [/?] for all S V, and thus we can draw the associated fusion 
graphs. 

Since the positive energy representations of a loop group of any con- 



nected compact simple satisfy local equivalence |4£] we have endomrphisms 



Pt £ ^>i(-^o) = '^m{Io), t gT, corresponding to the level 1 positive energy 
representations of LG. As we know the branching rules of the decomposi- 
tion of tt^Ilh, Eq- (§) ) and as cj-restriction corresponds to the restriction of 
representations it follows [cj/jJ = 0ag.4("+'=) ^t,A[AA]- As a consequence of 
ac7-reciprocity, {oa, I3t) m{Io) = {>'A,<^Pt)N{io) = ^t,A, A G i G T, we 

conclude (cf. Theorem 4.3 of 0]) that T C V and that the associated fusion 
algebra T must be a sector subalgebra T C V. (We identify the labelling set 
T itself with the associated sector basis: T = {[(3t]} C [A];\4(/o), t = [A].) 
It is widely believed but in general not known whether the endomorphisms 
associated to the positive energy representations of a loop group LG obey 
the Verlinde fusion rules of the corresponding WZW theory. However, for 
the level 1 theories which are relevant here, this is proven for many cases 
including G = SU (m) as a special (and most trivial) case of Wassermann's 
analysis |5C] and G = SO{m) as done in Q, moreover, for G = G2 it follows 
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from our treatment of the conformal embedding SU (2)28 C (02)1- 

Now recall that Di Francesco, Petkova and Zuber (see |13, or ||9|, [Tot| ) 



associated certain graphs to modular invariants by some empirical proce- 
dure. For these graphs they constructed fusion algebras (which are possibly 
not uniquely determined), and they discovered for the block-diagonal mod- 
ular invariants some subalgebras spanned by a subset of the vertices, called 
marked vertices, which obey the fusion rules of the extended theory. Indeed, 
in our examples we rediscover their graphs by drawing the fusion graphs of 
OiKf^p) ■ The elements of T turn out to represent exactly the marked vertices, 
and our theory provides an explanation why the graph algebras (which are in 
fact the fusion algebras V) possess subalgebras corresponding to the fusion 
rules of the extended theory. 

2.2 Example: SU{2)io C S0{5)i 

We consider the conformal inclusion 5'?7(2)io C S0{5)i. The corresponding 
SU{2) modular invariant is the Eg one, 

Zeb = \xo + X6p + 1X4 + XioP + 1X3 + X7p • (7) 

The three blocks come from the basic (0), the vector (v) and the spinor (s) 
representation of LS0{5) at level 1. For LSU{2) at level 10 there are 11 
positive energy representations ttj, labelled by the (doubled, thus integer 
valued) spin j = 0, 1, 2, 10. Let \j G A^(/o) be corresponding endo- 
morphisms. The fusion algebra W = W{2, k) is characterized by the fusion 
rules 

min(ji+j2,2fc-(ii+i2)) 

[A,Jx[A,,]= [A,], (8) 

j=\jl-j2\ , j+ji+j2 even 

and here k = 10. From the vacuum block in Eq. (|^ we read off [9] = 
[Xq] © [Xq]. By Theorem 3.9 of we obtain (writing aj for ax-) 

(«jl'«j2)M{/o) = i^jl^^ ° ^j2)N{Ia) = {^jl^^j2)N{Ia) + i^jl^G ° ^j2)N{Ia) ' 

We find this way 



{aj,aj)M{ia) 



1 for j = 0,1,2,8,9,10 

2 for j = 3, 4, 5, 6, 7 



We further compute {a3,ag)M{io) = li hence [as] = [ag] © [a^ ] with [( 
irreducible. As (as, aj)jyj(^j^-^ = for j = 0, 1, 2, 8, 10, there is no irreducible 
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a. 



(i)i 



(?) 



[ao] [ai] [02] [ag] [a 



loj 



Figure 5: Eg 



[aj] that equals [03^^]- Checking ah other {oij^,aj^) m{Io) finally find that 
there are six different irreducible sectors, i.e. elements of V, namely [oq], 

[ai], [a2], [ag], [oio]) and [a3^^], and we have the identity [ag] = [0^2] • The 
reducible [aj]'s decompose into the elements of V as follows, 

[as] = [a^^^] © [ag] , [a^] = [02] © [aio] , [05] = [ai] © [ag] 

[ae] = [ao] © ["2] , [a?] = ["i] © ["3^^] • 

We are in the fortunate situation that we can write all elements of V as 
(integral) linear combinations of [aj]'s, i.e. the homomorphism [a] is surjec- 
tive. Thus we can determine their fusion rules from those of LSU(2). For 
instance, we compute 

[4^^] X [ai] = ([as] X [ai]) © ([ag] x [ai]) 

= ([a2] © [04]) © ([ag] © [aio]) = [a2] . 

In particular, we can draw the fusion graph for [oa^^j] = [ai]. It is straight- 
forward to check that this is Eg, Fig. ||. 

The homomorphism [a] : — > ^ induces an induction-restriction graph 
connecting An and Eg. We just draw an edge from each spin j vertex of 
All to the vertices of Eg that represent the irreducible subsectors in the 
decomposition of [aj]. For example, we draw from the spin j = 4 vertex one 
line to the vertex [a2] and one to [aio]. Completing the picture we obtain a 
graph with two connected components Fi and r2 corresponding to the even 
and odd spins, respectively, see Figs. |6|, 0. These graphs are actually well 
known as graphs connecting An and Eg, cf. [40, 15, 28, 24|. Indeed, one can 



show that Fi is the principal graph for the inclusion N{Io) C M(/o), and 
Fi and F2. We plan to come back to this fact in a separate publication. 
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[Ao] [As] [A2] [As] [A4] [Aio] 




[ao] [02] [aw] 



Figure 6: Ti 



[Al] [Ay] [As] [A3] [Ag] 




["1] ["3 ] ["9] 
Figure 7: r2 

Now we turn to the discussion of the marked vertices. Let /3o,/3vj/3s £ 
A_A4(/o) be endomorphisms corresponding to the level 1 basic, vector and 
spinor representation of LS0{5) (as constructed in ^From the blocks in 
Eq. (0) we can read off the decomposition of the fi-restricted endomorphisms, 

Wl3o] = [Ao] e [As] , [f7/3j = [A4] e [Aio] , [ap^] = [A3] [A7] . 

By acr-reciprocity, we conclude that [/?o] = [idjv/{7o)] ™ust appear in [ao] and 
[qs], [/?v] in [04] and [qiq] and [/?s] in [03] and [oy] with multiplicity one. 
Hence we conclude 

[ao] = m , [aio] = [/3v] , [a^^] = [Ps] ■ 

In Fig. H we encircled the marked vertices (and we will do it also in the 
following examples). It is easy to check that [qq], [aio] and [og^^] indeed 
obey the Ising fusion rules, e.g. 

[af^] X [a'i'>] = {[as] e [ag]) x ([a3] [ag]) = [ao] [aio] 

as it is well known for the end vertices in the graph algebra of Eg. This 
finds now an explanation by the machinery of a-induction and fi-restriction. 
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Put differently, our theory proves again the result of namely that the 
endomorphisms associated to the level 1 positive energy representations of 
LS0{5) obey the Ising fusion rules. 



2.3 More examples 

(i) Example: SU{2)28 C (G2)i. The corresponding modular invariant is the 
Eg one, 

Zes = \X0 + XW + Xl8 + X28p + 1X6 + Xl2 + XW + X22? ■ 

The two blocks come from the positive energy representations ttq and vr,^ of 
L(G2) at level 1. With 

[6] = [Ao] e [Aio] e [Ais] e [A28] 

we can determine the structure of the induced sector algebra V . We omit 
the straightforward calculations and just present the result here. We find 
that the sector basis V has elements, given by [ao], [ai], [02] , [cts], ["4]) 
r..{i)i 



CKg^^] and [og^^ 


]. The decomposit 


ions of the reducible 


[a^J's I 


[«5] = [4^] Q 




1, 


[ae] = [a4] © [4^] , 




[a?] = [as] e 


[4'\ , 




[as] = [02] e [a^l , 




[ag] = [ai] e 


[as] e 


[«r ] , 


[aio] = [ao] © [a2] © 


[04] , 


[an] = [qi] 6 


> [as] a 




[ai2] = [a2] © [04] © 




["is] = [as] S 




© [af] , 


[au] = 2 [04] , 




have [a28-j] '- 


= ["j]- 


The fusion 


graph of [ai] is in fact Eg, 


The marked vertices are given 


by 






[ao] 


= m , 


[a^'^] = m , 





Fig. 



and it is easy to check that they indeed obey the Lee- Yang fusion rules 

[a«] X [4'>] = [ao] © [a«] 

of (02)1, i.e. here our theory proves that the endomorphisms associated to 
the (02)1 positive energy representations obey these fusion rules. 

(ii) Example: SU{2)4 C SU{3)i. The corresponding modular invariant 
is the D4 one, 

= 1X0 + X4|^ + 2|X2|^- 
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(2)i 
5 i 



® • • • A— 

[ao] [ai] [02] [as] ["4] [a 



«^ [a« 



Figure 8: Eg 




Figure 9: D4 

The first block comes from the vacuum representation vt^q^o) the second 
one from the positive energy representations 7r(i o) '^(lA) °f LSU{3) at 
level 1 which both restrict to the spin 2 representation of LSU (2) at level 4. 
With [9] = [Ao] © [A4] we find that V has four elements, namely [ao], [ai], 
[02^''], [a^2^] where we have the decomposition [a2] = © [02^^] 1 and also 
[a4_j] = [aj]. Note that we cannot isolate [a'^'^] and [02^'']. Thus in this 
case the homomorphism [a] is not surjective! However, since 

[ai] X [a2] = [ai] [03] = 2 [ai] 

it follows that 

[ai] X [J^^] = [ai] , i = 1,2, 

and we find 

[ai] X [ai] = [ao] © [a2] = [ao] © [a^^'] © [a^^^] , 

hence the fusion graph of [ai] is uniquely determined to be D4, see Fig. ^. 

The SU{3)i positive energy representations obey Z3 fusion rules, and 
from acT-reciprocity we conclude that the marked vertices are given by 

[ao] = [/3(o,o)] , ["2^^] = [/3{i,o)] , [a?^] = ■ 
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Figure 10: V^^^ 

(Clearly we have the freedom to define which is [a^^] and which [02'^''] •) 

(iii) Example: SU{3)3 C 6*0(8)1. We now turn to the treatment of the 
SU{3) conformal embeddings. We shall label the LSU{3) level k positive 
energy representations by pairs of integers {p,q), k > p > q > 0, that give 
the lengths of the rows of the associated Young tableaux. Thus the (first) 
fundamental representation has the label (1,0). We denote the endomor- 
phism that corresponds to the positive energy representation labelled by 
{p,q) by A(p ,j). Thus the sectors [A(p^q)] constitute the sector basis of the 
fusion algebra W{3, k). Recall that the the fusion of the sector [A(i q)] that 
corresponds to the fundamental representation is 

i\p,g)] ^ [-^(1,0)] = [A(p+i,g)] © [A(p,g+i)] © [A(p_i^g_i)] , 

where it is understood that on the r.h.s. only sectors inside ^^^+3) contribute. 
Now for the conformal embedding SU{3)3 C 50(8)1, the corresponding 
modular invariant reads 

^©(6) = |X(0,0) + X{3,0) + X(3,3)P + 3 |X{2,1)P , 

thus we have [9] = [A(o,o)]©[A(3,o)]©[A(3,3)]. We find that V has six elements, 
["(0,0)], [a(i,o)]> ["{i,i)]> ["(2!i)]' [«(2!i)] ^'^d ["(2!i)]- Here the only non-trivial 
decomposition is [0(2,1)] = ['^(2^)] © ["^(2^)] ® ['^(2''i)]' have [a(p,g)] = 

[a(3_g^p_q)]. The fusion graph of [a;(i o)] is indeed 'D^^\ see Fig. 10. The 



marked vertices are [a(o,o)]) [0^(2^)]' ['^(2\)] ^^'^ ["^(2^)] ^^'^ hence obey the 
Z2 X Z2 fusion rules of 50 (8)1. 

The other D-type block-diagonal modular invariants, namely D2e+2 for 
SU{2) and p(3f+3) for SU{3), g = 2,3,4,..., do not come from conformal 
inclusions. This will be discussed in the following section. 
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(iv) Example: SU {3)5 C SU{6)i. The corresponding modular invariant 
reads 

Zeis) = |X(0,0) + X(4,2) P + |X(2,0) + X(5,3) P + |X(2,2) + X(5,2) ? 

+ |X(3,0) + X(3,3) P + |X(3,1) + X(5,5) P + |X(3,2) + X(5,0) P > 

hence 

[^] = [A(0,0)] e [A(4,2)] . 

By computing all the numbers 

("(p,'?)'"(r,s))M{/o) = ° \p,q)^ \r,s))N{Ic) 

(where we denote Q!(p,q) = ce\^p ) we find that V has 12 elements, and the 
reducible [Q!(p,q)]'s decompose into these irreducibles as 



[«(2,0)] 


= ["(4,4)] 9 


^ l"(2,0)J ' 




["(2,1)] 


= ["(5,1)] 9 


^ ["(5,4)] , 




["(2,2)] 


= ["(4,0)] 9 


^ ["^2)] ' 




["(3,0)] 


= ["(5,4)] S 


) ["(3^0)] ' 




["(3,1)] 


= ["(1,0)] S 


) [a(4,o)] © 


["(5,5)] > 


["(3,2)] 


= ["(1,1)] s 


) [a(4,4)] © 


["(5,0)] ! 


["(3,3)] 


= ["(5,1)] S 


^ ["(3!o)] ' 




["(4,1)] 


= ["(1,1)] 9 


^ ["(4,4)] , 




["(4,2)] 


= ["(0,0)] 9 


^ ["(5,1)] © 


["(5,4)] , 


["(4,3)] 


= ["(1,0)] 9 


^ ["(4,0)] , 




["(5,2)] 


= ["(1,0)] S 


^ ["(2^2)] ' 




["(5,3)] 


= ["(1,1)] 9 


^ ['^p^o)] ■ 





We find that the homomorphism [a] is surjective as we can invert these 
formula, namely we obtain 

["So)] = ["(2,0)] © ["(4,4)] , 
["S2)] = ["(2,2)] © ["(4,0)] , 

["(slo)] = 1 (["(3,0)] © ["(3,3)] © ["(5,1)] © ["(5,4)]) ■ 



20 



["(5,0)] 




[«(2,0)] 

Figure 11: f^^) 

It is then a straightforward calculation to determine the fusion rules of V, 
and the fusion graph of [a;(i g)] is given by Figure 

The marked vertices are given by [a(o,o)], ["(2I2)]' ["(5,0)], ["(3^0)]' ["(5,5)] 
and [a|2^Q-j], and one may check that they in fact obey the Zg fusion rules of 
SUi6)i.' 

2.4 A non-commutative sector algebra 

Example: SU{4:)i C S'0(15)i. labelhng the positive energy representations 
of S'f7(4)4 with partitions (pi,P2,P3) S Z^, 4 > pi > p2 > Ps > 0, the 
corresponding modular invariant reads 

Z = |X(0,0,0) + X(3,l,0) + X(3,3,2) + X(4,4,0)P 

+ |X(2,1,1) +X(4,0,0) +X(4,3,1) +X(4,4,4)P + 4 | X(3,2,l) P , 

where the blocks correspond to the basic, the vector and the spinor repre- 
sentation of 50(15)1. With 

[9] = [A(o,o,0)] + [-^(3,1,0)] + [^^(3,3,2)] + [^(4,4,0)] 

we can compute the table (a(p^_p2^p3) = ax^^^^^^^^.^^^) 

("(pi,P2,P3)'"(gi,g2,93))M(/o) = {Go >>(pi,p2,p3)^ ^{qi,q2,q3))N{Ia) ■ 



21 



Evaluating this table we first obtain that [a(o,o,o)]) [q^(i,o,o)]) [q^(i,i,o)]) [q^(i,i,i)] 
and [q!(4,o,o)] distinct irreducible sectors and we find identities 



["(0,0,0)] 
["(1,0,0)] 
["(1,1,0)] 

["(1,1,1)] 

["(4,0,0)] 



["(4,4,0)] ) 

["(3,3,3)] = ["(4,1,0)] = ["(4,4,1)] , 
["(2,0,0)] = ["(2,2,2)] = ["(3,3,0)] = ["(4,1,1)] 
= ["(4,2,0)] = ["(4,3,3)] = ["(4,4,2)] , 
["(3,0,0)] = ["(4,3,0)] = ["(4,4,3)] , 
["(4,4,4)] • 

.,(0 1 iJi) 



We find seven further elements in V, namely ["(210)]' ["(220)^' ^"(2 2i)J' 



i = 1,2, and [a^^^^ 1)]) the reducible ["(j)i,p2,P3) 
as follows, 



"(2,1,0)] 




["(1,1,1 


"(2,1,1)] 




["(4,0,0 


"(2,2,0)] 




l-"(2,2,0 


"(2,2,1)] 




["(1,0,0 


"(3,1,0)] 




["(0,0,0 


"(3,1,1)] 




["(1,0,0 


"(3,2,0)] 




["(1,0,0 


"(3,2,1)] 




2 ["(1,1 


"(3,2,2)] 




["(1,1,1 


"(3,3,1)] 




["(1,1,1 


"(3,3,2)] 




["(0,0,0 


"(4,2,1)] 




["(1,1,1 


"(4,2,2)] 




L (2,2,0 


"(4,3,1)] 




["(4,0,0 


"(4,3,2)] 




["(1,0,0 



(1) 1 

(2,1,0)J 

(1) 1 
(2,2,0)J 

(2) 1 

(2.2.0) J 

(1) 1 

(2.2. 1) J 



"(2^2,0)] ® 

(2,2, 1)J ^ 

(2,2, 1)J ^ 

(1) ■ 
(3,2,1)- 

(2,1,0)J ^ 

(2,1,0)J ^ 

(2,2,0)J ^ 



a 



2 [a 



(1) 1 

(2,1,0)J 

(2) 1 
(2,2,0)J 

(1) 1 

(2.2.0) J 

(1) 1 

(2.2. 1) J 



decompose in this basis 



(2) 1 
(2,1,0)J 

(2) 1 
(2,2,0)J 



(2) 1 
(2,2,1)1 

(2) 1 
"(2,2,0)J 

(2) 1 
(2,2,1)1 

(2) 1 
(2,2,1)1 



(2) 1 
(2,1,0)J 

(2) 1 
(2,1,0)J 

(2) 1 
(2,2,0)J 

(2) 1 
(2,1,0)J 

(2) 1 

(2.2.0) J 

(2) 1 

(2.2. 1) J 

(1) 



The marked vertices are [^(0,0.0)]' ["(4,0,0)] ["(321)]' corresponding to 
the basic, vector and spinor representation of 50(15)i, respectively. That 
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the spinor representation tTs of 50(15)i restricts to two copies of 7r(3 2,1), i-e. 
^s,(3,2,i) = 2, implies in particular that [a^g'^g i-^] appears in the decomposition 
of [a(3^2,i)] with multiplicity 2 by aci-reciprocity. 

Using the S'f7(4)4 fusion rules, i.e. of H^(4, 4), we obtain the following 
sector products by the homomorphism property of a-induction, 

[«(i,o,o)] X [«(i,o,o)] = 2 [0(1,1,0)], (9) 
["(1,0,0)] X [«(i,i,o)] = 2[a(i,i,i)]e[a[2!i,o)]® [«(2!i,o)]' (^0) 

[«(1,0,0)] X [«(1,1,1)] = ["(0,0,0)] © ["(4,0,0)] © [«(2!2,0)] ® ["(S.O)] ' ^^^^ 

[«(i,o,o)] X [a(4,o,o)] = ["(1,0,0)] , (12) 

["(1,0,0)] X ["(^^2,1)] = ["(2!l,0)] ® ["(2!l,0)] • (13) 

However, as the homomorphism [a] : ^ y is not surjective we cannot 
isolate [a|2 1 o)]' 1^"(2 2 0)] ™^ 1^"(2 2 1)]' ^ ~ ^' -^i^^* we can only compute 

["(1,0,0)] X ([«gi,o)] © ["(2!i,o)]) = 2 ["S2!2,o)] © 2 ["S'ko)] ' (14) 
["(1,0,0)] X {[a\^]2,o)^ © ["(^2,0)]) = 2 ["(1,0,0)] © 2 ["S2!2,i)] © 2 ["(ak^^^) 

["(1,0,0)] X (["(2^2,1)] © ["(2l2,l)]) = 2 ["(1,1,0)] © 2 ["(5^2,1)] • (l^) 

Now recall that the statistical dimension of the positive energy representa- 
tion of SU{n)k labelled by a partition {pi,P2, ■■■,Pn-i), k > pi > p2 > ■■■ > 
Pn-i >Pn = 0, is given by 



d{pi,p2,...,p„-i) JJ 



, (p»-Pj+j-i)7r 
''"^ ' n+k 



, (j—i)iT 

i<i<j<n sm 

With n = k = A we obtain (i(i,o,o) = sin(7r/8)^"'^. Since the marked ver- 
tex [ali^nixl has statistical dimension (we write d/*'* ^ = d a) ) 

^ (•3,2,l)J ^ (Pl,P2,P3) a) ' ' 

'^(3^2 1) ~ ^ = 4sin(7r/8) cos(7r/8) we obtain from Eq. d^^-^ o)~'~^(2\ 0) ~ 
"^(1,0,0) '^(3'*2 1) ~ 4cos(7r/8). So we may and do assume without loss of gen- 
erality that <i(2\o) - 2cos(7r/8). As 4cos2(7r/8) = 2 \/2 < 4 it follows 
that [ajg^ 0)] ^ ["(9\ 0)] decomposes into at most three irreducible sectors. 
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Therefore we conclude by Eq. ( [Tl| ) that 

("(1,0,0) ° "(2!l,0) '"{1,0,0) ° «(2!i,0))m(/o) = 

/ (1) —(1) \ ^ Q 

- \«(1,1,1) ° "(1,0,0)> "(2,1,0) ° «(2,1,0)/A/(^o) ^ > 

and thus [a(i,o,o)] ^ ["(2\o)] cannot contain an hreducible sector with mul- 
tiphcity larger than one. But we also have 

("(1,0,0) ° "(2^1,0)' "(2,2,0))m(/o) = ("(2!l,0)' "(1.1:1) ° "(2,2,0)) Af(/o) = ^ 

since one checks [a(i,i,i)] x [0(2,2,0)] = 2[a(2,i,o)]- It follows by comparison 
with Eq. (|14|) 

["(1,0,0)] X ["(2,1,0)] = ["(2!2,0)] ® ["(S.o)] ' ^ = 1> 2 , (17) 

and 1 0) ~ ^ cos(7r/8), i = 1,2. 

We have [0(2,1,0)] = ["(2,2,1)] 1 ^^'^ hence with a suitable choice of notation 
[^(21 0)] ~ ["^(2 2 1)] i = 1,2. One checks 

«(2!i,o)] ® [«(2li,o)]) ^ ["(1,1,1)] = 2 ["(1,1,0)] © 2 [a[J|2,i)] ' 

and since 2 + \/2 = d(i,i,o) ¥^ ^^[3^2 1) ~ ^^■^'^ 

["(2,1,0)] ^ ["(1,1,1)] = ["(1,1,0)] © ["(Ski)] ' ^ = 1> 2 , (18) 
and conjugation yields 

["(1,0,0)] X ["(2,2,1)] = ["(1,1,0)] © ["(3!2,1)] ' ^ = 1> 2 , (19) 

We have [0(2,2,0)] = ["(2,2,0)]) and this is 

["(2!2,0)] ® ["(2!2,0)] = ["(2!2,0)] ® ["(2!2,0)] ' 

hence conjugation of Eq. (|l7|) yields 

["(1,1,1)] X ["(2,2,1)] = ["(2l2,0)] ® ["(2!2,0)] ' ^ = 1,2. 

Thus we find for i, j = 1, 2, 

("(1,0,0) ° "(2,2,0)' "(2!2,1))m(/o) = ("(2,2,0)' "(1,1,1) ° "''(2,2,1)) Mih) = 1, 
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["(0,0,0)] 




(3,2,1)J 



[«(1,0,0)] L"(2,2,1)J l-"(2,2,l)J 

Figure 12: Fusion graph of [a(i,o,o)] 



and similarly we obtain (by use of Eq. (|ll])) 



(«(1,0,0) ° «{2,2,0)'"(1.0:0))Af(/o) - («(2,2,0)' "(1.1:1) ° "(1,0,0) )Af(/o) " 1 
for j = 1,2. It follows now from Eq. ( [Tsl) 

["(1,0,0)] X ["(2,2,0)] = ["(1,0,0)] © ["(212,1)] ® ["(S.l)] ' « = 1, 2 . (20) 

We have succeeded to compute [a(i,o,o)] ^ [P] foi' each [/3] G V, and thus we 
can draw the fusion graph given in Fig. 12 



(0 



Similarly one finds for the sector products of [a(i,i,o)] 
["(1,1,0)] X ["(1,1,0)] = ["(0,0,0)] ffi ["(4,0,0)] ffi 2 [a[2|2,o)] 

["(1,1,0)] X ["(1,1,1)] = 2 ["(1,0,0)] © ["(2!2,1)] ® ["(2!2,1)] 
["(1,1,0)] X ["(4,0,0)] = ["(1,1,0)] > 



^ ["(2!2,0)] ' 



["(1,1,0)] X ["(3^2,1)] - L"(2,2,0)J 

and also (we omit some details) 



a 



(1) 



a 



(2) 1 
(2,2,0)J 



a 



(1,1,0)] 



X a 



(i) 1 
(2,1,0)J 

„(^) 



(1,0,0)] © 



a 



(1) 1 

(2,2,1)J 
(1) 



"(1,1,0)] X ["(2,2,0)] = 2 ["(1,1,0)] © ["(3,2,1) 



a 



(1,1,0)] 



X \a 



(i) 1 
(2,2, 1)J 



a 



(1,1,1)] © 



(1) 1 

(2,1,0)J 



(2) 1 
(2,2,1)J 

(2) 1 
(2,1,0)J 



i = l,2, 
i = l,2, 
i = 1,2. 
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[«(4,0,0)] 



[«{0,0,0)] 



(1,1,1 




(3,2,1)J 



(2,2,0)J 

["(1,0,0)] l."(2,2,l)J 

Figure 13: Fusion graph of [a(i^i^o)] 




(2,1,0)J 



(2,2,1)J 



These equations are visualized in in the (disconnected) fusion graph of 
["(1,1,0)], see Fig. |13. 

We now want to show that for this example the a-induced sector algebra 
is in fact non-commutative! (The appearance of a non-commutative sector 
structure associated to the conformal embedding 5'?7(4)4 C 50(15)1 was 
first observed by Xu [52| in his framework.) From Eqs. (p!^) and ([l^) we 



obtain (recall [a(2io)] ~ ["^(2 2 1)]) 



<^«{2,l,0) ° «{2!l,0)' "(1,0,0) ° "(l,0,0))Af(/o) = 

= ^"(2!l,0) ° "(1,1,1) '"(2,2,1) ° "(l,0,0))Af(/o) = 2, i,j = 1,2, 
but from [a(i^o,0)] ^ ["(1,0,0)] = 2[a(i ^ g)] '^6 conclude that [a;(i i q)] is a 
subsector of [0(2 i o)] ^ ["{2^ 0)]' ^^'^ matching the statistical dimensions 
we find indeed 



["(2!l,0)] ^ ["(2!l,0)] 



[«(1,1,0)] , ^,j = l,2. 



and hence 

„(^) 

(2,1,0) 



{a 



^^(2,2,1)' "(2,2,1) 
(2,1,0) 



(2,1,0) 



("('2.1. 0~) ° "(2,1,0) '"(2,1,0) ° "(2,l,0)^A^(^o) 



1,2. 



(21) 



But [agi.o)] 

sector [a;(o,o,o)]i ^^'^ also other sectors since d^^^^i 0) 



1 

(2,2, 1)J 



(2,2,1)J 



(2,1,0) 



must contain the identity 



d 



(0 

(2,2,1) 



2cos(7r/8) > 
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1, i = 1,2. Because Eq. (^) tells us that these products have only the 
identity sector in common we have shown 

["(i.O)] ^ ["(i,!)] ^ ["(2,2,1)] ^ ["(?,1,0)] ' ^ = 1,2. 

Indeed one can compute these products as follows. Since 

„« i^r i-r i^r.,» i _ i ^ r J2) 



a: 



(2,1,0)] ^ [«(1,0,0)] = ["(1,0,0)] X ["(2,1,0)] = ["(2,2,0)] ® ["(2,2,0)] ' ^ = 1' ^ , 

it follows 



("(2,1,0) ° "(2,2,1)' "(1,1,1) ° "(l,0,0)>M(/o) = 

/ (0 (i) \ 

- \"(1,0,0) ° "(2,1,0)' "(1,0,0) ° "(2,l,0)/J\/(^o) 



1,2. 



1,2 



5 ^ ? 



X 



and 

("(2,2,1) ° "(2,1,0) '"(1,0,0) ° "(l,l,l))Af(/o) = 

= ("(2,1,0) ° "(1,0,0), "(J,1,0) ° "(1,0,0))m(/o) = 2 , ' 

and from Eq. (11) we conclude that both [a^g^ q^] x ["[22 i)] ^^'^ ["(22 1) 
["(21 0)] must contain, besides the identity sector, one of the sectors [a(4,o,o)]) 

["(2^2 0)] ^^'^ ["(2^2 0)]' assume that ["(2\o)] ^ ["(2^21)] contains 

["(4,0,0)]- Then, because of a mismatch of quantum dimensions of \/2, it 
contains necessarily a third sector (which is determined to be ["(3'*2i)])- 
Since now [0(2^2 1)] ^ ["(2''i o)] cannot contain [0(4,0,0)] it contains either 
["(2^2 0)] ["(2^2 0)]' ^^'^ then the quantum dimensions match this means 
that [a(2^2 1)] X ["(2\ 0)] decomposes into two irreducible sectors whereas 
["(2^ 0)] ^ ["(2^2 1)] decomposes into three. However, this contradicts 

/ (1) (1) (1) (1) \ _ 

\"(2,1,0) ° "(2,2,1) '"(2,1,0) °"(2,2,l)/M(/o) " 

_ / (1) (1) (1) (1) \ 

- ^"(2,2,1) ° "(2,1,0)' "(2,2,1) ° "(2,l,0)/Af(/o) • 



It follows, with a suitable choice of notation. 



["(2!l,0)] ^ ["(2l2,l)] = ["(0,0,0)] © ["(2!2,0)] ' 

["(Jki)] ^ ["(2a,o)] = ["(0,0,0)] © ["(2!2,o)] • 
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Petkova and Zuber obtained the fusion graphs of Figs. jT2| and 13 in a 
completely different and more empirical way (Fig. A. 2. in ||4^). The non- 
commutativity of V nicely explains why they could not find non-negative 
structure constants associated to these graphs: They were searching for a 
(commutative) fusion algebra. 



3 The treatment of orbifold inclusions 

We have seen that conformal inclusions can be described in terms of nets 
of subfactors. For orbifold inclusions the extended net is not a priori given. 
However, it is argued in |36| that orbifold type modular invariants arise 



from extensions of current algebras by some simple currents. The conformal 
dimensions of these simple currents are necessarily integers. In the follow- 
ing we will describe this idea in our "bounded operator framework". The 
techniques we use are not essentially new. Similar and often more general 



statements can be found in particular in |45, However, we prefer to 
give a self-contained presentation and to avoid unnecessary generality if this 
simplifies our arguments. 

Starting from the vacuum net A where A{I) = TTQ{LjSU{n))" as usual 
we will construct a net of subfactors M C M describing the analogue of the 
conformal inclusions now for the orbifold type modular invariants, and we 
will see that the extended net obtained by this construction is local exactly 
for the levels where the orbifold modular invariants appear. 



3.1 Construction of the extended net 

We call an automorphism do G A^(/o) a simple current of order n, if n = 
2,3,4,... is the smallest positive integer such that (Tq is equivalent to the 
identity, i.e. CTq = Ad{Y) for a unitary Y E 5S(Wo), and then Y E A{Io) by 
Haag duality. For our construction we need an equivalent automorphism ctq 
which is periodic i.e. cTq is exactly the identity. We call po E A^(/o) a fixed 
point of the simple current ao if [ao o po] = [po] . The following lemma gives a 
sufficient criterion for the possibility of a choice of a periodic automorphism 
(cf. m. Prop. 3.3, or |4|], Lemmata 4.4 and 4.5). 

Lemma 3.1 Let <5"o E Ayi(/o) be a simple current of order n. If there is 
an irreducible fixed point po E A_4(/o) of ao then there is a simple current 
(To E A_4(/o) such that [ao] = [(Tq] and (Tq = id. 
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Proof. Since [ao o pg] = [po] there is a unitary U £ ^(^o) such that aoo po = 
Ad{U) o We set ao = Ad{U*) o ao. Then Uq is clearly inner, namely 

a^ = (Ad(C/*) o aoT = Ad{U*aoiU*)^l{U*) ■ ■ ■ a'^-\U*)) o <7« = Ad(Z) , 

where Z = U*ao{U*)a^{U*) • • • (7^"^(C/*)y. (Recah = Ad{Y).) Now we 
have Po = i^o ° Po = Ad{Z) o pg and thus Z £ po(yl(/o))' H ^(/o). Since we 
assumed po to be irreducible it follows Z £ CI and hence ctq = Ad{Z) = id. 

Q.E.D. 

^From now on we assume that there is an irreducible fixed point po G 
A^(/o) for the simple current ao £ A_a{Io) of order n, and hence we have 
an equivalent periodic automorphism ao £ A_4(/o), i.e. a^ = id, and also 
(^0 ° Po = Po- The following construction is basically the construction of the 
field group and algebra as in |14|. Recall that TCq is the vacuum Hilbert 
space where A lives on. We set 

n-l 

W = 0Wo. 

p=0 

For a vector £ Ti. we denote by ^'p £ TCq its p-th component with respect 
to this decomposition. We define a representation vr of .4 on by TT{a) = 

0p=o f^o(")' i-e- 

(7r(a)^')p = fj(J(a)^'p , a£A, £ Ti , p = 0,1,2, ... ,n - 1 . 
Then the net M is defined in terms of local algebras by 

N{I) = 7T{AiI)) , l£j,. 

Pick a unitary [// such that ao-i = Ad(C//) o ao £ A_4(/) for some / £ Jz- 
We define unitary field operators fjjj £ 53 (W) by 

{fu,^)p = aP'\U^)^p-i, ^£n, p = 0,l,2,...,n-l, (mod n) . 

It is easy to check that 

{ru,'^)v = 4{Ui)^p+i, ^£n, p=0,l,2,...,n-l, (modn). 

Then we find 

{flrn{a)fu,^)p = a^.iUi) {7r{a)fu,^Ui 

= a^.iUj) a^,+\a) (fur^Ui 
= aP,{Ui)a^,+\a)a^,{U^)% 
= a^o ao-i{a)'$p , 
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hence 

flij ^(a) fui=TTo ao-iia) , a£A. (22) 

We use the foUowing notation: For Aq € End(^) we define A E End(AA) 
by A(7r(a)) = 7r(Ao(a)), a £ A. One checks easily that A G A_v(-^o) if 
Aq G A_4(/o)- Then Eq. (22) reads xfuj = cri{x) for x G A^, and in 
particular fjjj G N{I'y , i.e. fields are relatively local to observables. Now we 
define the extended net M in terms of local algebras M{I) being generated 
by iV(/) and/[/,, 

M{I) = {N{I) , fu,) , lej,. 

Note that we have 
since 

ifu,^), = ag-\[/;)M'p_i = 7r(C/;)^p_i = (/ivr([/;)^)p . 

Therefore the definition of M{I) is independent on the special choice of Uj 
because if Ad{Ui) o uo is also localized in / then Ujtlj G A{I) by Haag 
duality and hence fuj and fjy^ differ only by an element in N{I). 

Note that our construction is such that (obviously by taking Uj^ = 1) 
we have M(/o) = A{Io) xio-o ^n- We want to show that this is similar for 
any / G Jz- 

Lemma 3.2 For any I ^ Jz there is a unitary W G A{I) such that aoj = 
Ad{W*) o ao-i G A^(/) fulfills a^^.j = id. 

Proof. Since the irreducible fixed point po is transportable there is a unitary 
Upo-i^j such that po-j = Ad{Upg-i^j) o pQ £ A^(/), and hence 

O-Q;/ o PO;I = Ad([//) o fTQ o Ad(f/po;/„,/) o po 

= Ad{Uiao{Upg-i^j)) o o-Q o Po 

= Ad(f7/(To(C^po;/o,/)) ° Po 

= Ad{Uiao{Up,,i^,i)U^) o po-i . 

Now W = Ujao{Upg-j^j)Uj G A{I) by Haag duality, hence po-j is an irre- 
ducible fixed point for ao-j. Then, by the same argument as in Lemma 
we find that ao-i = Ad{W*) o uq-i fulfills a^j = id. Q.E.D. 

Now we take this unitary W such that gq-i = Ad{W*)oaQ-i and a'^.^ = id, 
and then we define Uj = W*Uj and set 

f^^ = fuMW) G Mil) . 
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Then it follows from Eq. (|2|) that 

/^^ 7r(a) f^^=-Ko ao-i{a) , ae A. (23) 



Lemma 3.3 With a suitable choice of the phase ofW we have /? = 1. 

Proof. We have ao = Ad([//) o ao-j. Choose J & Jz such that J D / U Jo- 
Then for any a G A{J) we find 

a = (T^(a) = (Ad(^7/) o ao;/)"(a) = Ad(X) o aj.^ = XaX* , 

where X = UiaQ.i{Ui)al.j{Ui) ■ ■ ■ a'^-j^itJi), and therefore X G A(J)' n 

A(J) = CI. If X = a, C e C, the we can replace W by S^/'^W i.e. [// by 
^-^/i^lfj achieve X = 1. Now we compute 

f^ =fMUi)f-' 



= /i/^;^^(^o";7'(^/)) 

= /i/ivr([/,)/^;2^(ao"^7i(c7,)) 

= ... = fl^7T{X) = l, 

where we used Eq. iM). Q.E.D. 



Eq. ( p3D holds in particular for a £ A{I), moreover, a^.j is outer for 
find 



p 7^ (mod n), and =1. By the uniqueness of the crossed product we 



Corollary 3.4 We have M{I) = A{I) Xa-Q.j Z„ for any I £ J^. In particu- 
lar, each M{I) is a factor. 

Let r^o £ "^0 denote the vacuum vector. Then J7o is cyclic and separating 
for each local algebra A{I). Let Cl G Ti. denote the vector given by Qp = 
6pfiil.Q. It is clear from our construction that 0, is cyclic and separating for 
each M{I), that is, our net C is standard. 

Fixing Ui for any / G it is clear that each m G M(I) can be uniquely 
written as 



n-l 

m = ^Xpf?^, Xp£ N{I) 



p=0 
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Then the map 



E- 



M{I) 
'N(I) ■ 



: M{I) N{I) 



m ^ E 



'N(I) 



(m) = xq 




summarize 



the discussion in the following 

Proposition 3.5 The net J\f C M is a standard net of suhfactors with a 
standard conditional expectation. 

Note that N <Z M is even a quantum field theoretical net of subfactors 
by relative locality M{I) C N{I')' . However, M will in general not be local 
itself. The requirement of locality of M imposes restrictions on our simple 
current uq. 

For Ao,/io G ^a{Io) we denoted by A and ^ the corresponding endo- 
morphisms in A_/vr(/o). For the statistics operators we use the notation 
e^(A,/^) = 7r(e^(Ao, /xq)) (and e(A,^) = e"^(A,/u)) as in the previous paper 
[^. Recall that for disjoint intervals /i,/2 £ •Jz we write I2 > Ii (respec- 
tively I2 < h) if h lies clockwise (respectively counter-clockwise) to I2 
relative to the point "at infinity" z. 

Lemma 3.6 For Ii n I2 = ^ we have fuj^fui-^ = ^^{<^,o')fui^fui^ with the 
+-sign if I2 > Ii cind the —-sign if I2 < Ii- 

Proof. We compute 



fujjuj, =fiAui)fMui) 

= n{a,\Ul)a^\Ul)) fl 

= ^{a^\Ul)af{U*,^)a,\Ui,)a,\Ui,))fMUHrfMUi,y 
= a-^ o^{a^{Ul^)UlUi,a,{Ui,)) fu.Ju,^ 
= cr~2 o 7r(e=^((To, CTo)) fui^ fui^ 
= a-^{e^{a,a))furfui, , 



where we recognized the definition of the statistics operator in Subsection 
2.3 of IQ], and e^{a,a) are just scalars since e^{ao,ao) G (Tq(^(/o))' n yl(/o), 



hence we can omit the symbol a 



-2 



Q.E.D. 



This leads us immediately to the following 
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Corollary 3.7 The net M is local if and only if e{ao,ao) = 1. 



In Subsection 3.3 we will use Corollary 3.7 to analyze for which levels we 
have a local extended net if we take for o"o the simple current corresponding 
to the weight feA(i) of the LSU{n) level k theory. 

For completeness we also add the following 

Proposition 3.8 // the net M is local then it is in fact Haag dual. 

Proof. Let I £ Jz he arbitrary. We have to show that CMil'Y = M{I). 
As CM{I'y ^ ^{I) follows from locality we only have to show the reverse 
inclusion. Thus assume X G C^vi (/')', and we have to show that X G 
Choose an interval J £ Jz such that Iq U I C J. Then in particular X G 
C-m{J')' ^-iid therefore XTi{a) = Ti{a)X for all a £ C_a{J'). This reads in 
matrix components (corresponding to the decomposition of 7i into n copies 
of TLq) Xp^qa1{a) = aQ{a)Xp^q, P,Q ^ '^n, but ao acts trivially on Cj[{J') as 
lo C J. Hence Xp^g £ C^a^J')' = A{J) by Haag duality of A. Now choose 
K £ Jz such that K C J'. Then we have in particular Xfjj^ = fjj^X. From 
this we obtain for the matrix components Xp^g_|_icjQ(C/^) = a^~^ {U^)Xp-i^q^ 
p,q E Z„, and hence 

= al{U*Ka^^{Xp,g)al^{UK)) 

= al{U*^ ■ a^,K o ol^iXp^g) . al~\\JK)) 

= al{a\-\Xp^,)U*^at\UK)) 

= ao(Xp,g)cr[;(e(CT^"P,(To)) 

= (y(){Xp^f^ 

where we used that o~^^{Xp_^ G ^(>^) since lo d J and oq-^k acts trivially 
on ^( J) since K d J' , and also that 

^{<^t'^\<^o)) = e('7o,o-o)cro(e(o-o,cro)) • • • o-o~^~^(e(cro, ctq)) = 1 

since e((To,cTo) = 1 as is local. We conclude that Xp+^g+fc = (TQ(Xp_g), 
p,q,k G Z„, and by setting dp = X^^p G A{J) this means that X can 
be written as X = J2peZn'^i^p)fi^ ^-^^ ^ M{J), but then we can also 
alternatively write X = J2pez„ '^{^p)fui with ap G A{J) since also I C J. 
Because we assumed that X G Cm{I')' we must have in particular that 
X7r(6) = TT{b)X whenever h G C^(/')- Now 

X^{h) = 7^{ap) ffj^ir{h) = vr(ap)vr(6)/^^ 

P&n P&n 
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by relative locality of fields and observables, and 
hence 

^ 7r(ap) 7r(6) /^^ = ^ 7r(6) 7r(ap) ffj^ . 

P&n P&n 

Multiplication by f^^ from the right and application of the conditional ex- 
pectation yields 7r(ag)7r(6) = 7r(6)7r(ag) for all h £ C^(/'), q G Z„. It follows 
a, e C^(/')' = q e ^n, and therefore X = ^^^^^ 7r(ap)/^^ E Af(/). 

Q.E.D. 



3.2 Endomorphisms of the extended net 

We have lifted endomorphisms Aq of A to endomorphisms A of AA by A o vr = 
TT o Aq. Next we consider the a-induced endomorphisms ax £ End{M.). In 
the following we assume that M. is Haag dual, i.e. that e((To,(To) = 1. For 
notation we refer again to our previous paper and to Subsection 1.3 . 

Lemma 3.9 For Aq G Aj^{Io) we have oaC/i) = /ie(A,cr). 

Proof. By applying 7 to f^xfi = a{x), x G AA, we find 7(/i) G Hom^(j^)(6lo 
a, 9). Hence by the BFE, Eq. (22) of [|], we obtain 

7(/i) 0(e(A, a))e{X, 9) = e{X, 0) • A o 7(/i) , 

and therefore 

aA(/i) = o Ad(e(A, 0)) o A o 7(/i) = /ie(A, a) , 
proving the lemma. Q.E.D. 

Now we ask when ax is localized. For the sake of simplicity, we restrict 
the discussion to irreducible Aq. Define the monodromy by y(Ao, ctq) = 
e(Ao, <To)e((Jo, Aq). Note that for irreducible Aq the monodromy is a scalar 
as Y{Xo,ao) G (Tq o Ao(^(/o))' n A{Io) = CI, i.e. y(Ao,cJo) = wl, w G C. 
Therefore we have e(Ao,o"o) = y(Ao, cro)e((To, Aq)* = a;e~(Ao, ctq). 

Lemma 3.10 For Aq G Ay^(/o) irreducible ax is localized in lo if and only 
if the monodromy Y{\Q,ao) is trivial, i.e. to = 1. 
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Proof. It is clear that a\{x) = X{x) = x for any x £ N{I) with I D lo = 
since Aq G A^(/o). Thus we have to check whether a\{fuj) = fuj whenever 
/ n /o = 0- By definition 

axifuj) = aA(/i)A(^(C/;)) = /i^(e(Ao, ao)Xo{U*)) 
= fuMUie{Xo,ao)Xo{U^))- 

For I £ Jz such that / H Jo = we distinguish two cases. 

Case 1: I > lo- We can choose an interval /+ € such that /+ > Jo and 
/+ > I. Since I > lo we can choose some J+ S ^Tz such that J-|- D /U/+ but 
J+n/o = 0. For any unitary UaQ,+ such that cro,+ = Ad{UaQ,+)oao G A_4(/+) 
the statistics operator can be written as e(Ao,o"o) = U*^ _^_Xo{Uao^+)- Since 
(To;7 = Ad{Uj) o (To we have (To,+ = Ad(y+) o a^-j with V+ = Ua^^+Uj, and 
hence 1+ G ^(-'^+) by Haag duality. Then 

Uie{Xo,ao)Xo{Ur) = V;Xo{V+) = V;V+ = 1 

since J+ Pi /o = 0- Hence ax{fuj) = fuj for / > /q. 

Case 2: I < lo- Recall e(Ao,<7o) = we^(Ao,<7o), hence 

[//e(Ao,ao)Ao(C/;) = a;[//e-(Ao, ao)Ao(f/;) . 

We can choose an interval /_ G such that /- < lo and /_ < /. Since 
I < lo we can choose some J_ G JT^ such that J_ D I U I- but J_ n /o = 
0. For any unitary Uao- such that cto,- = Ad(C/(jo,-) o (Tq G A_4(/_) the 
statistics operator can be written as e~(Ao,(To) = _Ao(f/(To,-)- Then 
ao- = Ad(y_) o o-o;/ with y_ = U^^-U^ G yl(J-), and ' 

C/7e^(Ao,ao)Ao(C/;) = VlXo{V-) = VlV^ = 1 , 

and hence a\{fui) = ^fui for I < lo- The statement follows. Q.E.D. 

The next step is the transportability. Note that A^^(/o) = Am{Io) since 
Ai is Haag dual. We have the following (cf. Prop. 5.2 in p6[|) 

Lemma 3.11 For Aq G A_4(/o) irreducible we have ax G A_/k(/o) if and 
only if the monodromy y(Ao,o"o) is trivial, i.e. lo = 1. 

Proof. After Lemma p.lO| all we have to show is that ax is transportable if 
uj = \. Since Aq G A_4(/o) there is for any J £ J'z a unitary U = Ux(,-io,.J such 
that Ao G A^(J). Define ax = Ad(7r(C/)) o ax- It is clear that ax{x) = x 
whenever x G N{I) with I Ci J = ^. We show that also axifuj) = fuj in 
that case. We again distinguish two cases. 
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Case 1: I > J. We choose /+ G Jz such that /+ > /q and > J. 
Since I > J there is a G Jz such that if+ D /+ U / but 7^+ n J = 0. As 
before, we choose a unitary C/(to,+ such that (To,+ = Ad([/(jQ^+)o(To G A_4(/+). 
Then cto,+ = Ad(y+) o ao-j and therefore y+ = Uao,+Uj £ A{K^), hence 
Ao(V+) = V+. Since 1+ > lo and /+ > J we also have o"o,+ (f7) = f7. Now 
we compute 

axifui) = Ad{7r{U)) o axifuj) 

= Tr{U) fu, 7T{Uie{Xo, ao)Xo{U^)U*) 

= fu, 7T{ao-i{U)Uie{Xo, ao)\o{Uf)U*) 

= fuj 7T{Uiao{U)e{\o,ao)U*\o{U^)) 

= fu, 7r(C/,ao(t/)C/;„+Ao(C/.„,+)t/*Ao(C/;)) 

= fu, 7r(C/,[/*^,+ao,+ (t/)C/*Ao(C/<.o,+)Ao(C/;)) 

= fu,7r{V*Xo{V+)) = fu,. 

Case 2: I < J. We choose I_ G jTz such that /_ < Jo and /_ < J. 
Since I < J there is a G Jz such that K_ D /_ U / but n J = 0. 
Let do _ = Ad(C/<^o _) o CTo G A^(/_). Then V- = U^o,+U^ G A{K.), hence 
'^o(^-) = ^-5 since I_ < /q and /_ < J we also have cro,_(t/) = C/. If w = 1 
then e{Xo,ao) = e~{Xo,ao), so we can compute analogously 

axifuj) = fuj 7T{Uiao{U)e-{Xo,ao)U*Xo{U^)) 

= fur vr(C/7ao(t/)C/;,,_Ao(C/.„,_)t/*Ao(C/;)) 
= fu, vr(C/,[/*^^_ao,-(t/)C/*Ao(C/<.o,-)Ao(C/;)) 
= fu^Tr{VlXo{V^)) = fu,. 

We have shown that ax is localized in J. Since J £ was arbitrary it 
follows ax G A;k(/o)- Q.E.D. 

Our construction of the net M is such that (Proposition 2.10 and the 
discussion in Subsection 2.4 in [P) 

n-l 

[e] = © ■ (24) 

p=0 
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Lemma 3.12 For any Aq € A_4(/o) we have 

{n-1 
* = X] ^(^p)/i ' ^ Hom^(7^)(crg'^ o Ao, Ao) 
p=0 



(25) 



Proof. Suppose t S Hom^/(/^')(aA, Qa)- We can write t = X]p=o ^(^p)/? 
with Tp G ^(/o)- Now from t ■ a\o 7r(a) = oa o 7r(a) • t for all a G ^(-^o) we 
obtain 

n— 1 n— 1 n— 1 

XI ^(^p)/r ■ ^ ° -^o('^) = X] ^(^P ■ ° ^o(a))/r = X 7r(Ao(a)rp)/[ . 

p=0 p=0 p=0 

It follows Tp G Hom^(/^)(crQ^^ o Ao,Ao). It remains to be shown that then 
taxifi) = ax{fi)t. From the BFE, Eq. (11) in ||], we obtain 

(To(Tp) e(<To'^, cJo)crQ ''(e(Ao, ctq)) = e(Ao, ctq) Tp 

But 

e{a^^, ao) = e{a^~^, ao) = e{ao, ao)aoie{ao, ao)) • • • aQ~^~^{e{ao, ao)) = 1 
as e((To, ao) = 1. Hence we find 

(^o{Tp) a^^{e{Xo, ao)) = e(Ao, ao) Tp . 

Now we compute 

i«A(/i) =E;=o<Tp)ff'-'e{X,a) 

= Ep=o /i • o aoiTp) ■ /[e(A, ct) 

= i:;=o/i-^oao(rp).a-n^(A,a))/r 

= Ep=o /i vr(f7o(Tp)o-/(e(Ao, do))) /[ 

= Ep=o /i ^(e(Ao, (To)Tp) fl 

= EUfMX,<^)^{Tp)f'i 

= a\{fi)t, 

thus we have indeed Eq. (E^). Q.E.D. 
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For the fixed point po of fio we have Hom^(/^)((To o po,po) = CI. By 



Lemma 3.12 it is not hard to see that then Homj\,/(/^-) (op, ctp) is an n-di- 
mensional commutative algebra, i.e. ILom]i^j^-^{ap, ap) = C ® C © . . . © C, 
and therefore [up] decomposes in n distinct irreducible sectors. Since (Tq,^ = 
7 o Opl^r = 6* o p and thus [(Jap] = [0 o p] = n [p] we arrive at the following 

Corollary 3.13 We have [ap] = ^pZQ[5p] with [5p] distinct and irreducible. 
Moreover, [crsp] = [p] for all p = 0,1, ... ,n — 1. 

3.3 Spin and statistics 

We found that the extended net is local (and even Haag dual) if and only if 
e((To,cro) = 1. In fact e((7o,cro) can be computed by the spin and statistics 
connection. In the following the conformal dimensions h\, which are by 
definition the lowest eigenvalues of the rotation generator Lq in the positive 
energy representations (ttaj'Ha), A G A^"'~^^\ will play an important role. 
They are given by 

_ (A|A + 2p) 
^" 2ik + n) ' 

where p = "^"=1^(1) and (•!•) is the symmetric bilinear form. Recalling 
that (A(j)|AQ)) = i{n — j)/n for 1 < i < j < n — 1 one may obtain for 

— j) '^-^ 2 i(n — i) v-4 iin — i) 
h\ = > mimj — -; — > m,' — -; + > m 



(26) 

where we used the Dynkin labelling, i.e. G No and Y17=i — ^- 
let Ao;A G A_4(/o) denote the endomorphisms corresponding to the positive 
energy representations (vta, Wa), A G A^^~^^\ Then ao = Ao;fcA(i) is a simple 
current of order n, and its fusion rules correspond to the Z„-rotation of 
^(n+fc)^ It has a fixed point if A: is a multiple of n, namely po = Ao;Ab; where 
An = ;|A(i) + ^A(2) + . . . + ^A(„„i). Therefore we first require /c G nN so 
that we can construct the extended net A4 by means of ctq as explained in 
the previous subsections. Then we ask when M is local. 

Proposition 3.14 The net M is local if and only if k ^ 2nN if n is even 
and k G nN if n is odd. 



Proof. By Corollary the net Ai is local if and only if e(o"o,o"o) = 1. 
Since do is an automorphism we have e(cro,cro) = f^ao^i where k^o ^ C 
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is the statistical phase. By the conformal spin and statistics theorem [^] 
we have Kq-q = e'^'^^^'^o where /iq-q is the infimum of the spectrum of the 
rotation generator Lq in the representation ttq o (Jq . But this is the conformal 
dimension, hfj^ = /ifcAj^j , and by Eq. (p6|) 

hkA,,, = k . 

2n 

Therefore e{aQ, ctq) = 1 if and only if k{n — l) /2n £ N, the statement follows. 

Q.E.D. 

The next step is to ask for which A G ^("+'^') we have a\ = ax^ G 
^m{Io)- For A = miA(i) + m2h.(2) + ••■ + "in-iA(„_i) we denote |A| = 
^"iZi i^i- Recall that the Z„-rotation a on ^("+'^) is defined by 

a{K) = {k-mi- m„_i)A(i) + miA(2) + m.2A(3) + . . . + m„_2A(„_i) . 



Proposition 3.15 We have a\ G Aj^(Io) if and only if |A| G nZ. 



Proof. By Lemma 3.11| we have G A_v((-^o) if and only if y(Ao;A, o"o) = 1. 
By Lemma 3.3 of [19[ we have for any T G Hom^(/^)(Ao;o-(A)5 i^o ° ^0;a) 



^0;<t(A) 



T, 



where the k's are statistical phases. Since [^^.^{A)] = [<^o ° -^o,a] since 
Ao;A is irreducible we can take T unitary, hence 



^(Ao;A,o"o) 



<t(A) 



1. 



Using again the conformal spin and statistics theorem we find 



«A, 



0;'^(A) _ 27ri(/lAo.^(A)^^<^0^'^^0;A) = 27ri(/t^(A) -/iftAjj) -/ia) 



Now by Lemma 2.7 of [32| we have 



lf{n-l)k 
/1(t(A) - nA = - 
^ ' n 



|A| 



hence /Io-(a) 
if |A| G nL. 



hkAn) - hA = -|A|/n. Therefore y(Ao;A,o-o) 



1 if and only 
Q.E.D. 
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Remark. If we label the positive energy representations of LSU (n) 
at level k by partitions (or Young tableaux) {pi,p2, ■.■,Pn-i) with = 
Y^^Zi 'fnj then Proposition |3.15 reads a(pi,...,p„_i) G A_a4(/o) if and only 



By Proposition |3.15| it should be clear that for the orbifold modular 
invariants the sectors corresponding to the marked vertices are (the irre- 
ducible subsectors of) a(pi,...,p„_i) with YllZi Pi ^ as these a-induced 
endomorphisms are localized and transportable endomorphisms of the ex- 
tended net M. Moreover, as we will see by the treatment of the examples, 
their cr-restriction corresponds to the block structure of the corresponding 
orbifold modular invariants. The SU{n)i^ sectors that do not appear in the 
blocks of the modular invariant can be identified as "twisted sectors" if we 
consider the SU{n)k theory as the Z„ orbifold of the extended theory. In 
fact, a-induction of these sectors does not provide localized sectors; here we 
only obtain "solitonic" localization of the a-induced endomorphisms. 

For SU(2) the positive energy representations are labelled by the spin 
j = mi = 0, 1, 2, k. Then Eq. (p^) reduces to 

^ Ak + 8 



First we find by Proposition 3.14 that we can construct the local extended 
net for k = 4q, £^ G N, since then hk = Q € 7j. The rotation a is now the flip 
(^U) = k — j. Hence 

_ _ {k- j){k - j + 2) j{j + 2) _ k-2j _ _j_ 
"^^^ '~ Ak + 8 4A: + 8 " 4 2' 

i.e. aj E A_a/((/o) if and only if j G 2Z. 



3.4 Examples 

We now consider some examples for the application of a-induction to the 
extended net coming from an orbifold block-diagonal modular invariant. 
The simplest case is the SU{2) D4 modular invariant but we have already 
discussed this case as the extended net here coincides with the net associated 
to the SU (3)1 theory. The ^2e+2 modular invariants with g > \ do not come 
from conformal inclusions. They appear at level k = 4q and can be written 
as ^ 

^D2e+2 = 2 Yl + ^fc-il^ • 

k>j>0 

je2z 
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Figure 14: Dg 



Let us first illustrate this at the next case in the D-series, namely Dg. The Dg 
invariant appears at level 8, thus we start with the fusion algebra W{2,8). 
The simple current is given by [As] and indeed hs = 2. Eq. (H) now reads 
[6] = [Xq] © [As] and from this we get immediately that [04] decomposes into 



two irreducible sectors, say [04] = [0:4^^]© [0:4^''], all other [aj] are irreducible 
and [as-j] = [aj]. The fusion rules involving [aj], j = 0,1,2,3, can be read 
off from those of [Xj] by the homomorphism property of a-induction, so one 

only has to find the fusion rules involving [04^], i = 1,2. One checks that 
the following fusion rules. 



(2)1 



ai] X [04^] 


= [03] , 


i 


= 1,2, 




02] X [04^] 


= [02] a 


) [^4 




i = 1,2 


"3] X [af ] 


= [ai] a 


) [03] 


i = 


= 1,2, 


of] X [af ] 


= [ao] a 


) [a? 


, i 


= 1,2, 


al^] X [af^] 


= [02] , 









determine a well-defined fusion algebra with unit [ao]- The fusion graph of 



[ai] is easily seen to be Dg, see Fig. 14 

For arbitrary g = 1,2, 3, k = ig, the fusion algebra can be character- 
ized as follows. We have 2g + 2 irreducible sectors [oj], j = 0,1,2, ...,2g— 1, 

and [a^2(!] ^^'^ [^'2q]- "^^^ fusion rules are given from those in Ty(2,4^>), see 
Eq. (I), i.e. 

min(ji+j2,2fe-{ii+i2)) 



a 



31- 



X a 



e 



a-,- 



J = b'l-i2| , j+ji+j2 even 



for J = 0, 1, 2, 2g, where we identify [a^-j] = [oj] and [a2g] = [o:'^p]®[ct 



4?' 



on the r.h.s. Thus associativity, the homomorphism property of [a] and 
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compatibility with {aj,aji) m(Io) = N(ia) where [6\ = [Ao]©[Afc] are 

automatically guaranteed, and the fusion graph of [ai] is already determined 
to be D2q+2- We only have to specify the fusion rules involving the isolated 
[02]], i = 1,2. But it is shown in [|2^ that the fusion graph T)2e+2 of [ai] 



already determines all the (endomorphism) fusion rules; they are given by 



[aj]x[ag] 



[a2e-j] © [a2e-i+2] © ... © [02^,-3] © [a2e-i] , j G 2Z + 1 
[a2Q-j\ © [a2e-j+2] © ... © [02^,-2] © [ai]] , J G 4Z 
, [a2i>-j] © [a2g-j+2] © ... © [02^,-2] © [a2g^^] , J G 4Z + 2 



for < j < 2q and i = 1,2 (mod 2). Of course [ao] x [a2g]± = [a2e]±, and 

(i) (i) _ / K] © [04] © ... © [02^,-4] © [ag] ' = 2, 4, 6, ... 

( [a2] © [ae] © ... © [a2e-4] © [47 1 ' ^ = 1' 3, 5, ... 

f ["2] © K] © ... © [02^,-6] © [a2e-2] , ^ = 2, 4, 6, ... 

1 [ao] © [04] © ... © [02^,-6] © ["2^-2] , Q= 1,3,5, ... 



for i = 1,2 (mod 2). 

Next we consider the g £ N, (block-diagonal) modular invariant 

that appears at level k = 3g, 

Zj,(3e+3) = - ^ \X{p,q) + Xa{p,q) + Xa2(p,g)|^ , 

fc>p>9>0 
P+963Z 

where a is the Z3 rotation of the ^(^^+3) graph, 

a{p,q) = {k-q,p-q), cr^{p,q) = {k - p + q, k - p) . 

This is an orbifold invariant and it can be treated completely analogously 
to the Deven invariants of SU (2). The vacuum block gives us the [0], 

[^] = [A(o,o)] © [\k,o)] © [\k,k)] ■ 

Using the LSU (3) fusion rules at level k, in particular those for the simple 
currents 

[^(P,9)] X [A(fc,0)] = [^a{p,q)] , [\p,q)] ^ [^{k,k)] = [K^{p,q)] , 

we find 

([«(p,g)]> [«(r,s)]) = S{p,q),{r,s) + Sa{p,q),(r,s) + {p,q),{r,s) 

— Sp,r^q,s ~l" ^k—q,r^p—q,s ~l~ ^k—p+q,r^k—p,s 
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Hence we have identifications 



\a 



{p,q)] = ["cr(p,g)] = [a<72{p,g)] 



and all are irreducible apart from the fixed point {p,q) = {2g,g), 

where {[a(2e,0)]A'^{2g,e)]) = 3, so that it decomposes into three irreducible 
sectors as follows, 



One easily checks that the fusion graphs of [a(i^o)] the orbifold graphs 
pe^+s) which were first discovered in ISStl in the context of statistical me- 



chanical models and then in |17] in the subfactor context. 



4 Graphs and intertwining matrices 

In this section we define several fusion matrices and study their properties. 
Using some ideas of Xu [^], we establish identities between these matri- 
ces which allow to identify them with certain matrices considered by Di 
Francesco and Zuber. 



4.1 Some matrices and their properties 

Let again W = yV{n,k) = {[Aa],A G ^("■+'^)} be the canonical sector basis 
for SU (n)fc. Recall that the structure constants of W can be written as 

K'a' = (^A o Aa', Aa.)^(,,) , A, A', A" G ^("+'^) , 

and this defines matrices A^a by (A^a)a',A" = A^a'"a- ~ ^^(p)^ 

for the fundamental weights A(p), p = 1,2, ...,n — 1. Note that Ai is the 
adjacency matrix of the first fusion graph of the fundamental representation, 
i.e. of ^("+'^) considered as a graph. For either a conformal inclusion or an 
orbifold inclusion as discussed above let V denote the sector algebra with 
basis V obtained by a-induction. We denote a\ = ax^ . First of all we claim 

Lemma 4.1 For either a conformal or an orbifold inclusion, aA(i) is always 
irreducible. 

Proof. Irreducibility of aAf^j means that (aA^^) , aA(i))A/(/o) ~ ^- have 

(aA(i),aA(i))M(/o) = ° ^A(i)'-^A{i))Ar{7o) = (^', AA(i) ° ^A(„_j^-^) N{Io) 
= 1 + {e, AA(i)+A(„_i))Ar(/o) , 
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as [Aa(j)] = [Aa(„_i)] and [Aa^^,] x [Aa(„_i)] = [Aq] [Aa(i)+A(„_i)] and 
since [Aq] = [id] appears in the decomposition of [9] precisely once. Us- 
ing the formula for the conformal dimension, Eq. (p6[), one checks that 
/iA(i)+A(„_i) = n/{k+n) ^ Z. However, all subsectors of [9] must have integer 
conformal dimension (and this corresponds to T-invariance in the modular 
invariant picture): For the conformal inclusion case, the decomposition of [9] 
corresponds to the decomposition of the restricted vacuum representation. 
In the orbifold inclusion case we have [9] = ^^ZqIcf^], [c^] = [AfcA(p)]) and 
^fcA(p) = kp{n — p)/2n S Z as A; E 2nN if n is even and k € nN if n is odd. 
We conclude that (0, AA(i)+A(„_i))Ar{7o) = 0, proving irreducibility of aA(i)- 

Q.E.D. 

We define the following collection of non-negative integers, 

^A;a = (/3aoaA,A)M{/o), A G , a, 6 € V, 

where (3a are representative endomorphisms of a = [/3a] (and we will use 
the label for the identity sector of M(/o) as well). This defines square 
matrices Va, A G A^'^~^^\ by (VA)a,fe = ^-a; as well as rectangular matrices 
V(a), a G V, by (y(^a))k,h = V^.^. Also, we set Gp = Vk^^^ p = l,2,...,n - 1. 
Hence Gp is the adjacency matrix of the fusion graph of ctAjp)- 

Lemma 4.2 The matrices V\ and V(^a) have the following properties. 

1. = Id, 

2. Ap V(a) = ^(a) Gp, a G V, p = 1, 2, . . . , n - I, 

3. 14^4' = Ea"^a'1'-^a"- 

Proof. Ad 1. We obviously have Vq.^ = 6afi as V is a sector basis. 
Ad 2. We compute 

{Ap ^(a) ) A,b = I]A'e.4("+fe) (^p) A,A' ^A';a 

= I]A'e^("+'^) (-^A ° AA(p), AA')Ar(/o)(/3a ° OA' , I3b) M{Ia) 
= {Pa ° OAaoAaj^j > Pb)M{Io) 

= J2cevil^a o OA, Pc)m{Ic){Pc ° aA(p) , Pb)M{Io) 
= J2ceV ^A;a (G'p)c,6 
= (^(a) Gp)A,b , 
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where we used the fact that the [Aa]'s and [/3a] 's constitute sector bases, 
and in the third equahty we used the additive homomorphism property of 
a-induction. 

Ad 3. We compute 

= Ecev(^a ° OIA^Pc)m{Io){(3c o aA',(3b)M{Io) 

= {Pa o CKA o aA',(3b)M{Io) 

= I]a"g^("+'=) ^A,A'(/5a ° "A",/3b)M{7o) 

= I]a"G^("+'^) ^A,A' i^A")a,b , 

where we again used the homomorphism property of a-induction. Q.E.D. 

By some abuse of notation we also denote the sector product matrices 
associated to V by Na, i.e. {Na)b,c = '^ith 

^b,a = {Pb° Pa,f3c)M{Io), a,b,ceV. 

Analogous to the commutative case , these matrices realize the "regular" 
representation of the sector algebra V; we have 

NaNt = Y,K,b-Nc, a,6EV, 

cGV 

since 

(iVa md,e = E/GV <a ^f,b = Efevif^d o /3a, /3/)m(/.) {Pf O Pb, /?e>M(/.) 

= {Pd° PaO Pb,Pe)M{Io) 

= EcGV K,b {Pd ° Pc, Pe)M(I.) 

= EcGV^a%(^^cke, 

where we used that V is a sector basis. 

Note that Lemma [4.2| (3.) reflects basically the homomorphism property 
of Q-induction. Using the decomposition of [oa] one can similarly derive 

= EaGV^A;0 ■ ^ ^ ^("'+''). The following lemma reflects the 

commutativity of [aA] with each [Pa], proven in Proposition 3.16 of Q. 

Lemma 4.3 We have Va Na = Na Va for any 
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Proof. We compute 

(^A Na)b,c = EdeV ^A;b^la = J2devif^b ° ^A, (3d)M{Io){Pd o Pa, Pc) Mih) 

= {Pb OttAO Pa,Pc)M{Io) 
= {Pb o Pa o aA, Pc)M{h) 

= Y^deviPb ° Pa,Pd)M{Io){Pd ° "A, Pc)m{Io) 

= Edev Ka ■ n,d = (Na Va),,, , 
where we used Proposition 3.16 of Q. Q.E.D. 

4.2 Modular invariants and exponents of graphs 

Let us briefly recall some facts about fusion algebras (see e.g. [Q). If W 
is a fusion algebra with sector basis W = {wo,wi, ...,Wd-i} and structure 
constants N^j then the matrices Ni defined by {Ni)j^k = form the 
regular representation of W, and since they constitute a family of normal, 
commuting matrices they can be simultaneously diagonalized by a unitary 
matrix S. Then the diagonal matrices S*NiS form a direct sum over all the 
irreducible (one-dimensional) representations of W i.e. over its characters. 
These representations pj are labelled by j = 0, 1, d — 1 and are given by 

pM) = ^. i = 0,l,2,...,d-l, 

where Sij are the matrix elements of S. 

Now let us start with a conformal or orbifold inclusion of SU (n) at 
level k, and let V again denote the sector basis obtained by a-induction 
from the sector basis W = W{n,k) corresponding to the positive energy 
representations of SU{n)i^. Recall that T C V are the sectors correspond- 
ing to the marked vertices, generating a commutative sector subalgebra 
T C V hy Theorem 4.3 of Q; for details see also Subsection 2.1. Note 
that A'^^^ = N^a^ t'^us Na is the transpose matrix of Na- Since T is closed 



under conjugation and by Lemma 4.3, the matrices Nt, t & T, and Va, 



A G form a family of normal, commuting matrices and hence can be 

simultaneously diagonalized in a suitable orthonormal basis that we denote 
by {■0*, i = 1,2, D}; here D = |V|. As the matrices Va constitute a 
representation of the fusion algebra W = W{n, k) by Lemma they de- 
compose in the one-dimensional irreducible representations 7$ of W, which 
are labelled by weig hts ^> G and are given by 

7*(A) = ^, Ag^("+^'), 
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where S'a,$ denote the entries of the matrix S that diagonahzes the fusion 
rules of the endomorphisms associated to the LSU (n) level k theory. Due to 
Wassermann's result these endomorphisms obey the fusion rules given 
by the Verlinde formula in terms of the modular S-matrix S, therefore the 
modular S-matrix S diagonalizes the endomorphism fusion rules, i.e. we have 
indeed S = S. 

We conclude that we have a map $ : {1, 2, D} i ^ $(z), 

such that 

D 

i.e. in components 



i=l 



D 



'OMi) 



The image of ^ is the set of weights $7 G ^[(^+1^) such that 70 appears in the 
Va.'s. Since in particular Gp = Va^p^ 1 P = 1> 2, n — 1, we call these weights 
exponents and denote the set of exponents Exp = Im$. In other words, 
Exp labels the joint spectrum of the matrices Va- Similarly, as the Nt's with 
t £ T give a representation of the fusion algebra T of the extended theory 
by Theorem 4.3 of |^] we have a map s : {1,2, ...,D} T , i t-^ s(i), such 
that 

D 



=1 



where 



Qext 



qe 
'-'0,5 



are the one-dimensional representations of T and Sf^^ denote the entries of 
a matrix 5*^^* that diagonalizes the (endomorphism!) fusion rules of T. It 
is widely believed for general conformal field theories (and even conjectured 
e.g. in 1^^, Conjecture 4.48) that endomorphisms representing the sectors of 
a conformal field theory obey the Verlinde fusion rules given in terms of the 
modular S-matrix, i.e. that we can choose S^^* = 5°^*, where S^^^ is the S- 
matrix coming from the modular transformation of the extended characters. 
However, a proof exists only for several particular cases, see below. 
Thus we have in components 

i=l '^OMi) 
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For A G ^("+'^) and t T we define Eig(A, t) to be the space spanned by 
those "0* which correspond simuhaneous eigenvalues 7a(A') of Va' and r]t{t') 
of Nt^ for all t' G T, A' e i.e. 

Eig(A, t) = spanjV'* : i G $"^(A) n s"^(t)} , 

so in particular Eig(A, i) = iff A ^ Exp. So far the vectors tp'^ are fixed up 
to unitary transformations in each Eig(A, t). 

^cxt 

Lemma 4.4 We have ipl = „l'^t'^ Vn /o*" 0^2/ * £ * = 1, 2, L). 

0,s{i) 

Proof. Clearly we have Nq^^ = 5c,f Hence 

D qext D cext cext 

i^i = E ^o.^c = E E = E ^l^^^o^.. = 5^^o 

CGV CGV j=l 0,s(j) j=l "'0,s(j) '^0,s(i) 

by orthonormality of the ^*'s. Q.E.D. 
Let -00 = (V'o)iii denote the dual vector of 0-components, and we set 



^^0^*= / E l^oP- 
Y ie'J'-i(A)ns-i(t) 



Lemma 4.5 //Eig(A, t) / for some A G ^("+^) andt G T then ||V'o||A,i / 
0. 

Proo/. Since Na Nb = EcgV K,b ' and iV^ ^ = iV^^ for t G T by Theorem 
4.3 of (a, 6, c G V) we have NaNt = NtNa for any a G V. Hence we find 
for i G $~^(A) n s-^{t) 

i.e. A'^aV'* £ Eig(A, t). In other words, the matrices Na are block-diagonal 
in the basis V* corresponding to the decomposition in Eig(A, t). It follows 
that there are matrices, the "blocks" Ba = Ba{A,t), {Ba)ij = B^^.- G C, 

i,j G $-^(A) n s-^{t) such that Naip^ = EiG*-i{A)ns-i{t) ^^^^^ 
particular for the 0-components 

{Narh= E 

jG*-MA)ns-i{t) 
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Since (iVaV'Oo = ScgV = we have for any i G ^> ^(A) n s ^{t) and 

any a G V 

jg*-i(A)ns-i(t) 

It follows if V'o = fc"^ all j G $"^(A) n s~^{t) then V'i = for all i G 
$-i(A) n s-i(t) and a G V, i.e. Eig(A, t) = 0. Q.E.D. 

We set DA,t = dimEig(A, t) = |<I>~i(A) n Our vectors are 

fixed up to unitary transformations (rotations) in each Eig(A, i), ij:^ i— > 
Ejg<i.-i(A)ns-i(t) ^ijV'^ with unitary matrices u = (wij)jje$-i(A)ns-i(f)- 
Thus we have in particular V'o ^ X]je<i>-i(A)ns-i(i) ^«j"'/^o- This is a ro- 
tation in C^^'^ on the sphere of radius HV'olU.t- As we have shown that 
IIV'oIIa,* / if Eig(A, t) 7^ we arrive at the following 

Corollary 4.6 There is a choice of eigenvectors ip^ such that ip^^O for all 
i = 1,2, . . . ,D, e.g. ■00 = ^Ay^llV'o||A,t > whenever i G $"^(A) n s^'^{t). 



As we now can divide by 'i/'o we obtain immediately from Lemma 4.4 the 
following 

Corollary 4.7 For such a choice we have for any t ^ T and any 6, c G V 

i=l ^0 

Let xf^*i t £ T, denote the characters of the extended theory and XA, A G 
j^{n+k) ^ those of SU{n)i.. Further, let bt^A denote the branching coefficients, 
defined by Xt^^ = Y1agA'-"+''^ bt,AXA- Let also 5*^^* be the modular S-matrix 
of the extended theory, i.e. (in the notation of p7|) 



Lemma 4.8 For any A G ^("+'^) and u £ T we have 

Su'^v bv,A = E bu,n Sn,A ■ (28) 
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Proof. This is essentially the computation in |27], p. 268, here for the 
special case that the branching functions are constants. By taking the S- 
transformation on both sides of = Z]ne^("+'=) ^".f^ obtain 

Since the full (not the Virasoro specialized!) characters XA are linearly 
independent functions the coefficients must coincide, so we are done. Q.E.D. 

Note that V^.q = {ax, (it) m{Io) = {^h^'^Pt) N{io) by aa-reciprocity, thus 
we find for the branching coefficients ht^\ = V^.q- Let Nt denote the restric- 
tion of the matrices Nt to T, i.e. {Nt)u,v = ^ut^ t,u,v £ T. 

Lemma 4.9 Provided that 5^^* diagonalizes the fusion matrices Nt, t , 
i.e. 5^^* = S^^^S we have for A G and t e T 

= oexto , ■ (29) 



Proof. Exploiting S^^^ = S'^^^, multiplying Eq. ( [2^ ) by (S'^'f )* and summing 
over u £ T yields 



HA 



EY^ /' Qext 

r c-cxt 

EV^D ccxt\* "A,$(i) |2 n,3(i 

«er 2^j=il'^«,t J 5oA l^ol 5,';''' 



'5o,*{i) 



2 



where we used hu n 



Vq.q and Lemma 4.4. 



Q.E.D. 



Recall that the mass matrix of the modular invariant is given by .^a,A' = 
SteT ^t,kbtA'- We can now summarize Lemmata L5 and 4^ in the following 
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Theorem 4.10 Provided that 5°^* diagonalizes the fusion matrices Nt, t £ 
T, i.e. 5°^* = 5"°^*, we have ht^\ ^ if and only if Eig{ A, t) / 0. In 
particular Z\ a 7^ i/ and only if A £ Exp. 



Actually we would like to prove a stronger statement than Theorem [4.1C1| , 
namely bt,A = \/DA,t because this equality holds in all our examples we have 
investigated so far. Let us explain why it holds in our examples. Let 



trz= ^A,A = E E ^: 



2 

't,A ' 



We clearly have J2teT'l2AeA'-"+'''> = D = |V|, and it is a simple obser- 
vation that trZ = D in all our examples, hence 

E E ^?,A = E E Da,- 

teT Ae^(i+fc) t£T Ae»4("+'=) 

Thus, if all bt^A G {0, 1} then our derived equivalence of bt^A 7^ and Da, 7^ 
in Theorem |4.10| implies bt^A = all t e T, A e The only 



case of our examples where some bt^A > 1 appears is the conformal em- 
bedding 5'f7(4)4 C 50(15)1 where the spinor (s) representation of S0{15)i 
restricts to two copies of 7r(3 2,1), i.e. 65,(3,2,1) = 2. Because of Theorem |4.1C1| 
we have Da, > bfj^ for all pairs {t, A) / (s, (3, 2, 1)). However, Petkova and 
Zuber |42| found a multiplicity 4 of the exponent (3,2, 1) in the graphs of 
Figs, and 0, i.e. X^teT ^(3,2,i),t = 4. But since 64,(3,2,1) = for t / s 
implies -0(3,2, i),t = for t 7^ s it follows -D(3 2,i),s = 4, and hence indeed 
bt,A = ^/Da, for ah t e T, A e ^(^+'') because tr Z = D = 12. Nevertheless 
we have not succeeded in proving this equality for the general case. 



4.3 Discussion and consequences 

Let us now summarize some of the results of this section. To each block- 
diagonal modular invariant of SU{n), coming either from a conformal in- 
clusion or being of Z„-orbifold type, we have a net of subfactors such that 
we can apply a-induction. By doing this, we obtain in particular a set of 
n — 1 normal, mutually commuting matrices Gp, p = l,2,...,n — 1, which 
can be interpreted as adjacency matrices of fusion graphs, namely those of 
[qA(p)] in the sector algebra V. Since [oa^^^] = [aA(„_p)] we find G* = Gn-p- 
The matrices Gp can be simultaneously diagonalized in an orthonormal basis 
, i = 1, 2, |V|}, and the eigenvalues of Gp are given by 5'a(p),<i>/5'o,(I>, 
$ S Exp, where Exp is a subset of 
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Recall that one can define a Z„-valued colouring r on the vertices of 
(which we can identify with the elements of W) by t(A) = |A| mod n. 
Then one has r(0) = and Nj^j^, = (Aa o Aa', AA")Af(/o) = if t(A) + 
r(A') / t(A"). If [9] decomposes only into sectors [Aa] of colom' zero then 
the elements of V inherit the colouring from ^("+'^) : The colour of [/3] G V 
is set to be r(A) if [(3] appears in [a a]- This is then well defined because 
(aA,aA'>M(/o) = (^°'^A!-^A'>7V(/o) = if r(A) / r(A'). That [9] decomposes 
only into sectors of colour zero is true for all orbifold inclusions and also all 
conformal embeddings considered here. Therefore the matrices Gp satisfy all 
the axioms postulated in |42]. However, as already mentioned there, there 
are also counter examples e.g. the conformal embedding SU{9)i C (Eg)! 
where [9] has also constituents of non-zero colour. 

The sector algebra V possesses a subalgebra given by the fusion algebra 
of the sectors of the extended net which restrict to the relevant sectors of 
the net of the SU{n) theory. If the corresponding fusion matrices, coming 
from these sector products, are diagonalized by the modular S-matrix 5'^^* 
of the extended characters then the non-zero diagonal entries Za,a of the 
modular invariant are precisely those with A G Exp. We conjecture that the 
modular S-matrix 5''^* always diagonalizes the extended (endomorphism) 
fusion rules, but let us point out the cases where it has already been proven. 

First we consider the modular invariants coming from conformal inclu- 
sions. It follows from Wassermann's results [50| that in particular the en- 
domorphisms of any LSU (m) level 1 theory satisfy the (Z^) fusion rules of 
the Verlinde formula, thus we have S"^^* = 5*^^* for all conformal inclusions 
SU{n) C G with G = SU{m) for some m. This covers the infinite series of 
inclusions 



SU {n)n-2 SU{n{n-l) /2)i and 5f/(n)„+2 C 5f7(n(n + l)/2)i . 

By the result of |p, the endomorphisms of the LSO{m) level 1 theories satisfy 
the well-known SO{m)i fusion rules, hence S"'^* = S^^^ also for G = SO{m). 
This covers the infinite series of inclusions 

SU{n)n C SO{n^ - l)i , 

and also SU{2)iq C S0{5)i. Moreover, we have seen from the treatment of 
the Eg modular invariant of SU (2) (at level k = 28) that the endomorphisms 
of the L{G2) level 1 theory obey the Lee- Yang fusion rules, thus we have 
^ext _ ^ext g^jgQ £qj, ^j^g conformal inclusion SU {2)2s C (62)1. 

Now let us turn to the orbifold modular invariants. Unfortunately, our 
results are only complete for SU{2). We have seen that the fusion algebra 
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V for the T)2g+2 modular invariants is completely determined although the 
homomorphism [a] is not surjective. The modular S-matrices S^^^ of the 
extended characters are known and their Verlinde fusion rules are given 
in [p. They coincide exactly with the fusion rules of the sectors [aj], 
j = 0,2,4, ...,2g — 2, and [q:2£i]±, the "marked vertices", which we gave in 



Subsection |3.4| . Thus we have S"^^* = S^^^ also for these cases. Summarizing 
we found that S^^^ = 5^^* holds for all block-diagonal modular invariants of 
SU{2), hence its diagonal entries are labelled by some subset Exp C A^+i. 
As we have seen for the (non-trivial) block-diagonal modular invariants that 
Gi = N^ai] is the adjacency matrix of the Coxeter graphs Eg, Eg or Devon (m 
fact since they are fusion graphs of norm d^^^j = = 4cos^(-7r/(A; -|- 2)) they 
can only be these graphs), the set Exp is necessarily given by the Coxeter 
exponents of these graphs. Thus our theory explains in particular why the 
spins of the diagonal entries of the non-trivial block-diagonal modular in- 
variants are given by the Coxeter exponents of the graphs Eg, Eg and T)2g+2, 

gen. 

5 Other applications 

We shall also discuss some other examples for the application of a-induction 
which may be of some interest of their own. 

5.1 Inclusions of extended U{1) theories 

Let An, N = 1,2,3,..., denote the extension of the U{1) current algebra 
discussed in |^]. It has 2N sectors constituting Z2N fusion rules. The char- 
acters are given by 



ri ^-^ 

where r] is Dedekind's function. The modular invariant partition functions 



of these theories have been classified |11|. For each factorization N 



i,p,p' G N, p and p' coprime, associate r,r' & Z such that r'p' — rp = 1. 
Define s = r'p' + rp. Then 



with 



Y^ceZe^a,sb+2cN/e if and i\b 

otherwise 
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exhaust all modular invariants. Note that I = 1, p = N , p' = 1, implying 
r = 0, r' = 1, s = 1, gives the diagonal modular invariant Z^^\l, 1). Now 
choose an such that i ^ 1 so that An is a non-maximal C/(l)-extension 
in the terminology of Choose p = N/i"^, p' = 1 implying r = 0, r' = 1 
and s = 1. The corresponding partition function reads 

But 
hence 

Indeed the inclusion Aj\f=i2p C Ap is of type. Note that Z^^'^p\1,1) 
is block-diagonal, and we can take the net of inclusions of local algebras 
An {I) C Ap{I)^ with / G jTx, as our net of subfactors M C M.. 

Let us denote by the endomorphisms (which are in fact the au- 
tomorphisms constructed in [^) corresponding to the sectors labelled by 
a £ 7,2N- The 7^2N fusion rules then just read 

[Ai^^] X [A^ = [Ai^l] , a,beZ2N. 

Thus the associated fusion algebra l^(^) is the group algebra of Z2Ar (with 
'Z2N as sector basis). Now we want to apply the machinery of a-induction. 
For a non- maximal An, = ^^P, we start with the block-diagonal partition 
function in Eq. (|30| ) and read off the [9] from the vacuum block, 

It is easy to see that the formula (ai^^ a[^^)Af{7o) = {& ° '^a^\ ^a^^)N{io) 
(we denote ai^^ = a (n)) and the homomorphism property of [a] determine 
the induced sector algebra V to be the group algebra of 7j2ip = TL2n jT^i- 
Now TL2ip has the subgroup Z2p, describing the fusion rules of Ap, and this 
corresponds to the marked vertices. 



E 



K 



(N) 

ae+2cN/e 



(30) 
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As an illustration we discuss the Z2 inclusion A4 C ^1. The Ai theory 
has two sectors and it is known to be precisely the su(2)i theory. The 
A4, theory has eight sectors, and their conformal weights A^, are given by 
Aa = aVl6, a = 0, ±1, ±2, ±3, 4. Indeed the series of Z2 orbifold inclusions 
SO{2n)2 C SU (2n)i gives the inclusion A4, C Ai when n = 1. The sectors of 
A4, labelled by a = 0, ±2, 4 are the basic (o), the spinor (s,c) and the vector 
(v) modules, the sectors labelled by ±1 and ±3 are the twisted sectors cr, r 
and and ct',t', respectively, in the terminology of SO{2n)2- The modular 
invariant Z(4)(2,l) of ^4 reads 

ZW(2, 1) = |2 + + = + |k(1)|2 = 1) . 

^From [6] = [X^^^] © [A4'^^] we obtain that V is the group algebra of Z4. 
The sectors [aJ,"^^], [A^^] and [A^"^^], [X^^l], obtained from [aJ^^^] and [A^^] 

by cr-restriction, yield irreducible sectors [a'^^] = [a^^^] and [a'^'^] = [a^^l], 
respectively, and constitute the Z2 C subgroup. In the fusion graph of 
[a[^^], being the Z4 graph Ag^^ these sectors represent the marked vertices. 
The sectors [X^l] and [A^^g] are not obtained by cr-restriction of any ^1 
sectors. Note that these are precisely the twisted sectors. Correspondingly, 
[a^i^] = [a^^\] and [a^^^] = [a^]] yield the elements of the sector basis V of 
V which are not represented by marked vertices. 

These observations generalize as follows to the block-diagonal modular 
invariant 1) for N = i^p. We have seen that we then can consider 

as the orbifold theory of Ap. Reading off the [6], Eq. (^), from the 
vacuum block we obtain that V is the group algebra of Z2£p. The irreducible 

sectors [ai^'*] with a a multiple of I, i.e. a G Z2p C 1>2ip, are represented as 
marked vertices in the fusion graph of [a^^'']. Correspondingly, the sectors 
[aI^^], a G Z2p, are obtained by u-restriction of the sector [aI^^] of Ap. 
Considering An as the orbifold of Ap., we can interpret the other sectors 
[a[^^], h ^ Z2p, as twisted sectors. 

5.2 Minimal models 

We shall also briefly discuss the treatment of the minimal models here. The 
minimal models are described by the positive energy representations of the 
diffeomorphism group of the circle 015(5^), or, on the level of Lie algebras, 
by the unitary highest weight modules of the Virasoro algebra 5Jit(c), where 
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the central charge c = c(m) is given by 

6 

c=l — , m = 3,4,5,, 

m[m + Ij 

These models arise as coset theories 

5[/(2)„_2 ® SU{2) 



SU{2)m-l 

The modules Hp^q, appearing at fixed m, are labelled by pairs of integers 
p = 0, 1, 2, m — 2 and g = 0, 1, 2, m — 1, the conformal grid. We have 
a double counting, Hp q = Hm~p-2,m-q-i- 

In the setting of local von Neumann algebras the minimal models have 
been treated in |34] quite analogously to the treatment of the loop groups 



LSU (n) by Wassermann. Here we are dealing with a net N of local von 
Neumann algebras A'^(/) = vro(Diff/(5"^))", where ttq is the vacuum repre- 
sentation of Diff (S*^) and Diff/(S'^) is the subgroup of diffeomorphisms con- 
centrated on an interval I C S^. Analogously to the arguments for LSU{n) 
we have Haag duality in the vacuum representation and the positive energy 
representations correspond localized, transportable endomorphisms. The 



well known fusion rules are proven in the bimodule setting in [34| and hence 



they give the correct fusion rules for the corresponding sectors, explicitly, 

min(p+p',2m— p— p'— 4) rmn{q+q',2m—q—q'—2) 

[ApJ X [Ap, = [\,s] 

r — |p — p' I s — I q — q' I 

r+p+p' even s + q + q' even 

where Xp^q G A_/v'(/o) denote the endomorphisms associated to Hp^q. This 
determines the fusion algebra Wrrjit(c(m))- 

The modular invariants of the minimal models are classified, and are 
labelled by pairs (^1,^2) of ADE-graphs (with Coxeter numbers m — 2 and 
m — 1) 0. If we write the SU{2) modular invariants appearing at level k 
and labelled by ADE-graphs Q as 

k 

then the (^1,^2) modular invariants of the minimal model with c = c(m) is 
given by 



^ m—2 m— 1 

Zg,,g2 = 2^Y^ ^tq~^\^l) Xp,qXp',q' 



p,p'=0 q,q'=0 
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Level 


Graph Q 




A; = 1,2,3,... 




{0} 


k = Ag , Q = 1,2,3, .. . 




{o,M 


k = W 


Ee 


{0,6} 


k = 28 


Eg 


{0,10,18,28} 



Table 1: The sets FkiG) 

where Xp,q denotes the character of Hp q. The prefactor 1/2 is due to the 
double counting. Since either m — 2 or m — 1 is odd either Gi or G2 is 
necessarily an A-graph. 

We would like to apply the procedure of a-induction. Although these 
are block diagonal modular invariants we do not always know what the net 
M is. Recall that for SU (2) the Eg and Eg modular invariants come from 
the conformal embedding SU{2) C G where G = SO (5) or G2, respectively. 
So it is natural to ask whether there is an extension of 53ir for the (^1,^2) 
modular invariants where Qi or G2 is Eg or Eg. For the (Eg, A12)- and (Eg, 
A3o)-invariants the natural candidate is the coset 

Gi0g[/(2)i 

SU (2)m-l 

where Gi = S0{5)i and m = 12, or Gi = (G2)i, m = 30, respectively. 
However, for the (Aio,E6) and (A2g, Eg) modular invariants there is no such 
natural candidate. For any block diagonal modular invariant of the minimal 
models we proceed by assuming that there is a net M such that the net of 
subfactors M C M has the correct properties, in particular, that the blocks 
correspond to cr-restriction of representations of the net Ai. Then we may 
go on as follows: Let T^^Q) denote the set of integers j with [Xj] appears 
in the [9] we associated to the SU (2) Q modular invariant, see Table |l[ For 
the (^1,^2) modular invariant of the minimal model with c = c{m) define 
[9] G [AMio) by 

per„_2(e?i) gGr„_i(g2) 

so that [9] precisely correspond to the vacuum block in Zg-^^^g^. (Note that 
one of the summations is always trivial as either Gi or G2 is an A-graph.) 
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Figure 15: Fusion graph of [ai,i] for the (A4,D4) modular invariant. 



Then we determine the induced fusion algebra V by {oip^q,apiqi) M{ia) = 
{0 o Ap,<j, Xp'q')N{ia) where we denote Op^q = ax^ ^. 

We have to choose an analogue of the fundamental representation of 
LSU (n) for the minimal models. It is instructive to discuss briefly the 
fusion graphs of [ax] for the choices A = Ao,i, Ai^O; -^1,1 • First one checks that 
then [ax] is irreducible, {ax,0!x)M{io) — 1> i'^ ^ cases. Now [ao,i] ([ai,o]) 
generates the fusion subalgebra corresponding to the first column (row) of 
the conformal grid, being isomorphic to W{2,m — 1) (W{2,m — 2). Thus 
the fusion graph of [ao,i] ([ai,o]) is not connected; the identity component 
is just Q2 (Oi)- Now consider [Ai_i] that is [Ai^i] = [Ao,i] x [Ai^o]- The fusion 
graph of [q;i,i] is somehow a combination of the graphs Gi and Q2- As an 
illustration, we give the result for the (A4,D4) modular invariant (m = 5, 
c = 4/5) 

1/3 

^(A4,D4) = 9 X] I^P'O + + 2 \Xp,2 

^ Vp=o 

Then [S] = [Ao,o] © [^0,4], and we find eight distinct irreducible sectors, [ao,o]) 
[a2,o], [03,1], [ao,2]±, [a2,2]±- The fusion graph of [a 1,1] is given in Fig. 

15, 



6 Outlook 

We have applied the procedure of a-induction and cj-restriction of sectors 
to chiral conformal field theory models, in particular to the SU {n)k WZW 
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models. Looking at the block-diagonal modular invariants arising from con- 
formal or orbifold inclusions of SU{n), we have seen that their classification 
by certain fusion graphs — in particular the A-D-E classification in the 
SU{2) case — can be understood by the induction-restriction machinery of 
the relevant sectors. However, many questions remain unanswered. The 
induction turns out to be non-surjective in several cases; this is apparently 
closely related to multiplicities in the mass matrix Z, but a good under- 
standing of this non-surjectivity (which can even lead to non-commutativity 
of the induced sector algebra) is still missing. It might be possible to extract 
more information about the structure of the induced fusion algebra from the 
SU{n)k data than our results in like the main reducibilty formula or aa- 
reciprocity provide. In fact, the observation tv Z = D = \V\ is still awaiting 
a good explanation. 

It will certainly be worth looking also at the block-diagonal SU{n) mod- 
ular invariants that come neither from conformal nor from orbifold embed- 
dings. Moreover, it is not clear at the moment how to incorporate the 
type II modular invariants in our framework. Another challanging question, 
suggested by the treatment of SU{2), concerns a better understanding of 
the relation between the appearance of modular invariants of SU{n) WZW 
models and the existence of sub-(equivalent)-paragroups of the paragroups 
arising from the relevant ^-type subfactors (|2^, ^). Of course it will also 
be interesting to construct the associated fusion graphs also for modular 
invariants of other Lie groups, e.g. Sp{n). 
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